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The ubiquitous no-signaling constraints state that the probability distribution of the outputs of
any subset of parties is independent of the inputs of the complementary set of parties; here we re-
examine these constraints to see how they arise from relativistic causality. We show that while the
usual no-signaling constraints are sufficient, in general they are not necessary to ensure that a the-
ory does not violate causality. Depending on the exact space-time coordinates of the measurement
events of the parties participating in a Bell experiment, relativistic causality only imposes a subset of
the usual no-signaling conditions. We first revisit the derivation of the two-party no-signaling con-
straints from the viewpoint of relativistic causality and show that the they are both necessary and
sufficient to ensure that no causal loops appear. We then consider the three-party Bell scenario and
identify a measurement configuration in which a subset of the no-signaling constraints is sufficient to
preserve relativistic causality. We proceed to characterize the exact space-time region in the tripartite
Bell scenario where this phenomenon occurs. Secondly, we examine the implications of the new rela-
tivistic causality conditions for security of device-independent cryptography against an eavesdropper
constrained only by the laws of relativity. We show an explicit attack in certain measurement config-
urations on a family of randomness amplification protocols based on the n-party Mermin inequalities
that were previously proven secure under the old no-signaling conditions. We also show that secu-
rity of two-party key distribution protocols can be compromised when the spacetime configuration of
the eavesdropper is not constrained. Thirdly, we show how the monogamy of non-local correlations
that underpin their use in secrecy can also be broken under the relativistically causal constraints in
certain measurement configurations. We then inspect the notion of free-choice in the Bell experiment
and propose a definition of free-choice in the multi-party Bell scenario. We re-examine the question
whether quantum correlations may admit explanations by finite speed superluminal influences prop-
agating between the spacelike separated parties. Finally, we study the notion of genuine multiparty
non-locality in light of the new considerations and propose a new class of causal bilocal models in
the three-party scenario. We propose a new Svetlichny-type inequality that is satisfied by the causal
bilocal model and show its violation within quantum theory.
I. INTRODUCTION.
The recent experimental confirmation of the violation of Bell inequalities [1, 2] in systems of electron spins [3],
entangled photons [4, 5], etc. has made a compelling case for the “non-locality" of quantum mechanics. Quantum
phenomena exhibit correlations between space-like separated measurements that appear to be inconsistent with any
local hidden variable explanation. The “spooky action at a distance" of quantum non-locality is now embraced and
utilized in fundamental applications such as device-independent cryptography and randomness generation [6–8]
and reductions in communication complexity [16]. Moreover, this non-locality has also been used to show that even
a tiny amount of free-randomness can be amplified [8, 58] and that extensions of quantum theory which incorporate
a particular notion of free-choice cannot have better predictive power than quantum theory itself [71]. The quantum
non-local correlations are known to be fully compatible with the no-signaling principle, i.e., the space-like separated
parties cannot use the non-local correlations to communicate superluminally [67].
Since the proposal of Popescu and Rohrlich [18], it has been realized that non-local correlations might take on a
more fundamental aspect. Not only quantum theory but any future theory that might contain the quantum theory
as an approximation is now expected to incorporate non-locality as an essential intrinsic feature. This program has
led to the formulation of device-independent information-theoretic principles [28, 29] that attempt to derive the set
of quantum correlations from amongst all correlations obeying the no-signaling principle. In parallel, cryptographic
protocols have been devised based on the input-output statistics in Bell tests such that their proof of security only
relies on the no-signaling principle. When one considers such post-quantum cryptography [53, 54], randomness am-
plification [8, 58, 59, 66], etc. the eavesdropper Eve is assumed to be limited to the preparation of boxes (input-output
statistics) obeying a set of constraints collectively referred to as the no-signaling constraints. The general properties
of no-signaling theories have been investigated [60] in a related program to formulate an information-theoretic ax-
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2iomatic framework for quantum theory. On the other hand, quantum theory does not provide a mechanism for the
non-local correlations. Several theoretical proposals have been put forward to explain the phenomenon of non-local
correlations between quantum particles via superluminal communication between them. These models go beyond
quantum mechanics but reproduce the experimental statistical predictions of quantum mechanics, the most famous
of these models being the de Broglie-Bohm pilot wave theory [69, 70].
In all relativistic theories, “causality," is imposed i.e., the requirement that causes must precede effects in all space-
time rest frames. Before going further, two remarks are in order here. First, by an effect we mean any possible event,
even if it has been affected by other events (causes) indirectly. Second, we shall use as general a correlation point of
view as possible, regardless of the physical theory from which the correlations arise. In this context, let us also note
that given an arbitrary space-time structure, the question of causal order for any two measures has been formalized
using intuitions from optimal transport theory [78]. Furthermore it has been proven that in any hyperbolic space-
time, casuality of the evolution of measures supported on time-slices is an observer independent concept [79]. Both
formalisms have also been applied in the study of the evolution of the quantum wavepackets showing in particular
the natural consistency of the causality concept with the relativistic continuity equation [80]. From the perspective of
communication, the requirement of relativistic causality strictly demands that no faster-than-light (FTL) transmission
of information takes place between a sender and a receiver. The no-signaling principle being in ubiquitous use (in
device-independent cryptography, axiomatic formulations, etc. as explained earlier), a natural question is to explore
whether the no-signaling constraints that are currently in use precisely capture the constraints imposed by relativistic
causality, i.e., to derive the no-signaling constraints from relativistic causality. In this paper, we investigate this
question and find that, surprisingly, the answer is that the multi-party no-signaling principle requires a modification
to capture the notion of causality. In particular, the actual no-signaling constraints that one must impose in a multi-
party Bell experiment are dictated by the space-time configuration of the measurement events in the experiment.
This modification of the no-signaling constraints naturally leads to a number of implications in tasks of device-
independent cryptography against relativistic eavesdroppers and to explanations of quantum correlations via finite-
speed superluminal influences. This paper is therefore, propaedeutic to a larger project undertaken by the authors
to explore the relativistic causality constraints and their implications on the foundations of quantum theory.
The structure of the paper is as follows. We initially establish the setup of the Bell experiment and recall the
assumptions in the Bell theorem. We then define the notion of relativistic causality that we use in this paper (and
that is commonly accepted, i.e., that there be no causal loops in spacetime) and revisit the derivation of the two-party
no-signaling constraints from causality. We then show that, in the multi-party scenario, only a restricted subset
of the no-signaling constraints is required to ensure that no causal loops appear. We explicitly identify a region
of space-time for the measurement events in a Bell scenario where the usual no-signaling constraints fail. In this
regard, we extend a particular framework of “jamming" non-local correlations by Grunhaus, Popescu and Rohrlich
in [19] based upon an earlier suggestion of Shimony in [15]. We then examine the implications of the restricted
subset of no-signaling constraints for device-independent cryptographic tasks against an eavesdropper constrained
only by the laws of relativity. We detail explicit attacks on known protocols for randomness amplification based
on the GHZ-Mermin inequalities using boxes that obey the new relativistic causality conditions. We show that
from that perspective the security theory needs revision, and - in a way - to the some degree collapses. We also
explore the implications on some of the known features of no-signaling theories [60], in particular we find that the
phenomenon of monogamy of correlations is significantly weakened in the relativistically causal theories and that
the monogamy of CHSH inequality violation [32] disappears in certain spacetime configurations. The notions of
freedom-of-choice and no-signaling are known to be intimately related [58]. We re-examine how the notion of free-
choice as proposed by Bell and formalized by Colbeck and Renner [56, 57] can be stated mathematically within the
structure of a space-time configuration of measurement events. A breakthrough result in [50] was a claim that any
finite superluminal speed explanation of quantum correlations could lead to superluminal signaling and must hence
be discarded. We re-examine this question in light of the modified relativistic causality and free-will conditions. Both
non-relativistic quantum theory and relativistic quantum field theory [67] are well-known to obey a no superluminal
signaling condition, proposals to modify quantum theory by introducing non-linearities have been shown to lead
to signaling [40–42]. We end with discussion and open questions concerning feasible mechanisms for the point-to-
region superluminal influences.
II. PRELIMINARIES.
A. Notation.
Let us first establish the setup of a typical Bell experiment. In the Bell scenario denoted B(n, m, k), we have n
space-like separated parties, each of whom chooses from among m possible measurement settings and obtains one
3of k possible outcomes. In general, the number of inputs and outputs for each party may vary, but this will not
concern us in this paper. The inputs of the i-th party will be denoted by random variable (r.v.) Xi taking values xi
in [m] = {1, . . . , m} and the outputs of this party will be denoted by r.v Ai taking values ai in [k]. Accordingly, the
conditional probability distribution of the outputs given the inputs will be denoted by
PA1,...,An |X1,...,Xn(a1, . . . , an|x1, . . . , xn) := P(A1 = a1, . . . , An = an|X1 = x1, . . . , Xn = xn). (1)
Following [56, 58], we also consider the notion of a spacetime random variable (SRV), which is a random variable R
together with a set of spacetime coordinates (tR, rR) ∈ R4 in some inertial reference frame I at which it is generated.
A measurement event MX,A is thus modeled as an input SRV X together with an output SRV A. As in typical
studies of Bell experiments, here we consider the measurement process as instantaneous, i.e., X and A share the
same spacetime coordinates. Denote a causal order relation between two SRV’s X and A by X → A if tX < tA in all
inertial reference frames, i.e., A is in the future light cone of X (so that X may cause A). A pair (Aj, Ak) of SRVs is
spacelike separated if ∆s2 := |rAj − rAk |2 − c2(tAj − tAk )2 > 0.
In this paper, we will have occasion to distinguish the specific spacetime location at which correlations between
random variables manifest themselves, i.e., the particular spacetime location at which the correlations are registered,
from the spacetime locations at which the random variables themselves are generated. Accordingly, we label by
CAj ,Ak the SRV denoting the correlations between the output SRVs Aj and Ak with its associated spacetime location
(tCAj ,Ak , rCAj ,Ak ) being at the earliest (smallest t) intersection of the future light cones of Aj and Ak in the reference
frame I .
B. The two-party Bell theorem.
Consider the two-party Bell experiment with two spacelike separated parties Alice and Bob. The inputs of Alice
and Bob are denoted by SRV’s X1, X2 and the outputs by A1, A2. If the measurement process is considered to be
instantaneous, X1 and A1 share the same space-time coordinates as do X2, A2. In the two-party Bell scenario, the
results of the experiment are described by the set of conditional probability distributions PA1,A2|X1,X2(a1, a2|x1, x2).
Let Λ denote a set of underlying variables describing the state of the system under consideration, these could in
general be local or non-local. We have evidently
PA1,A2|X1,X2(a1, a2|x1, x2) =
∫
dλPA1,A2|X1,X2,Λ(a1, a2|x1, x2,λ)PΛ|X1,X2(λ|x1, x2) (2)
In this scenario, the Bell theorem [2] is based on the following assumptions [9, 10]:
1. Outcome Independence: The statistical correlations between the outputs arise from ignorance of the underlying
variable Λ
PA1,A2|X1,X2,Λ(a1, a2|x1, x2,λ) = PA1|X1,X2,Λ(a1|x1, x2,λ)PA2|X1,X2,Λ(a2|x1, x2,λ) (3)
This is evidently true for deterministic models (those that output deterministic answers a1, a2 for inputs x1, x2)
as well as for stochastic models and is motivated by a notion of realism, i.e., that the measurements merely
reveal pre-existing outcomes encoded in Λ.
2. Parameter-Independence: For each so-called “microstate" λ, the probability of an outcome on Alice’s side is
assumed to be (stochastically) independent of the experimental setting (the parameters of the device) on Bob’s
side,
PA1|X1,X2,Λ(a1|x1, x2,λ) = PA1|X1,Λ(a1|x1,λ),
PA2|X1,X2,Λ(a2|x1, x2,λ) = PA2|X2,Λ(a2|x2,λ). (4)
The justification for this assumption comes from special relativity, which imposes that spacelike separated
measurements do not influence each other’s underlying outcome probability distributions.
3. Measurement Independence: The measurement inputs are uncorrelated with the underlying variable Λ
PΛ,X1,X2(λ, x1, x2) = PΛ(λ)PX1,X2(x1, x2). (5)
This is also sometimes called the free-choice assumption, i.e., that the inputs x1, x2 are chosen freely, independent
of Λ. We elaborate on the notion of freeness in this two-party Bell experiment in Section II D [56, 57].
4There are other assumptions such as: Fair Sampling, No Backward Causation, Reality being single valued, etc.
[10, 11] but these will not concern us in this paper. Substituting Eqs.(3, 4, 5) in Eq.(2), we obtain the description of a
local hidden variable model:
PA1,A2|X1,X2(a1, a2|x1, x2) =
∫
dλPΛ(λ)PA1|X1,Λ(a1|x1,λ)PA2|X2,Λ(a2|x2,λ). (6)
Figure 1 shows the causal structure represented by the two-party Bell experiment represented in terms of a Directed
Acyclic Graph (DAG) [72]. Remark that the local hidden variable model in Eq.(6) can also be arrived at starting from
other postulates such as local causality [12].
C. Two-party no-signaling
From the assumptions of parameter-independence and measurement-independence, one can deduce the no-
signaling constraints:
PA1|X1,X2(a1|x1, x2) =
∫
dλPΛ|X1,X2(λ|x1, x2)PA1|X1,X2,Λ(a1|x1, x2,λ)
Eq.(5)
=
∫
dλPΛ(λ)PA1|X1,X2,Λ(a1|x1, x2,λ)
Eq.(4)
=
∫
dλPΛ(λ)PA1|X1,Λ(a1|x1,λ)
= PA1|X1(a1|x1).
PA2|X1,X2(a2|x1, x2) =
∫
dλPΛ|X1,X2(λ|x1, x2)PA2|X1,X2,Λ(a2|x1, x2,λ)
Eq.(5)
=
∫
dλPΛ(λ)PA2|X1,X2,Λ(a2|x1, x2,λ)
Eq.(4)
=
∫
dλPΛ(λ)PA2|X2,Λ(a2|x2,λ)
= PA2|X2(a2|x2). (7)
The no-signaling conditions in this two-party Bell experiment formally state that probability distribution of the
outcomes of any party is independent of the input of the other party.
D. Two-party freedom-of-choice
The assumption of measurement-independence or free-choice can be formally expressed in terms of spacetime
random variables. In the two-party Bell experiment, one imposes the free-choice constraints
PX1|Λ,X2,A2(x1|λ, x2, a2) = PX1(x1),
PX2|Λ,X1,A2(x2|λ, x1, a1) = PX2(x2). (8)
One formal way to define the freedom-of-choice condition in terms of spacetime random variables was formulated
by Colbeck and Renner (CR) in [56]. Recall that we denote a causal order relation by X → A if tX < tA in all inertial
reference frames, i.e., A is in the future light cone of X so that X may cause A. CR formulate the notion of free-choice
(formalising Bell’s notion from [57]) as follows:
Definition 1 ([56], [57]). A spacetime random variable X is said to be free if X is uncorrelated with every spacetime random
variable A such that X 9 A, i.e., for all such A, we have PX|A(x|a) = PX(x).
In other words, X is free if it is uncorrelated with any A that it could not have caused, where the requirement
for X causing A is that A lies in the future light cone of X. Clearly, Eq.(8) follows if one adopts this notion of
freedom-of-choice, although note that the Def. 1 is strictly stronger than just the conditions (8) imposed in the Bell
theorem.
5E. A sufficient set of multi-party no-signaling conditions
In this paper, our focus is on the no-signaling and free-will constraints above which are intimately related to each
other. In particular, we consider the generalization of the no-signaling conditions to the multi-party scenario. The
generalized multi-party no-signaling constraints are usually stated as follows (see for example [60]):
∑
aj
PA1,...,An |X1,...,Xn(a1, . . . , aj, . . . , an|x1, . . . , xj, . . . , xn) = ∑
aj
PA1,...,An |X1,...,Xn(a1, . . . , aj, . . . , an|x1, . . . , x′j, . . . , xn)
∀j ∈ [n], {a1, . . . , an} \ aj, {x1, . . . , xj, x′j, . . . , xn} (9)
In words, the above constraints state that the outcome distribution of any subset of parties is independent of the
inputs of the complementary set of parties (while Eq.(9) imposes this for subsets of n− 1 parties, one can straight-
forwardly show that this also implies that the marginal distribution for smaller sized subsets is well-defined [60]).
Now, given that as stated earlier the justification of the two-party no-signaling constraint came from the causality
constraints of special relativity, the natural question which we investigate in this paper is to what extent the multi-
party no-signaling constraints in Eq.(9) are imposed by the causality constraints of special relativity. In other words,
while the constraints in Eq.(9) are clearly sufficient to ensure that no superluminal signaling takes place, we derive
the set of necessary and sufficient constraints that ensure that no causal loops appear in the theory. We will see that
the multi-party no-signaling conditions in fact depend on the space-time coordinates of the measurement events in
the Bell experiment and we propose an appropriate modification of these constraints.
III. RESULTS.
The main results of the paper are as follows.
1. We derive in Prop. 2 the no-signaling constraints in the two-party Bell experiment from relativistic causality
and show that these constraints are both necessary and sufficient in this scenario.
2. We show that in general, depending on the exact space-time coordinates of the measurement events of the
parties participating in a Bell experiment, relativistic causality strictly only imposes a subset of the usual no-
signaling conditions. In particular, we show that in the three-party Bell experiment, two sets of relativistic
causal constraints are possible: (a) the usual no-signaling conditions and (b) a subset of the no-signaling
conditions in Prop. 3 which ensure causality is preserved in certain measurement configurations (such as in
Fig. 5).
3. We geometrically analyze in Prop.5 the exact space-time region in the three-party Bell scenario where the
constraints in Prop. 3 are necessary and sufficient to prevent causal loops.
4. We propose in Definition 7 a rigorous definition of the free-choice constraints in the multi-party Bell experiment
and show in Prop. 9 how these are compatible with the relativistic causality conditions.
5. We examine the implications of the causality constraints on device-independent cryptography against an ad-
versary constrained only by the laws of relativity. In the task of randomness amplification, we demonstrate in
Prop. 12 an explicit attack that renders a family of multi-party protocols based on the n-party Mermin inequal-
ities insecure, when the measurement events of the honest parties conform to certain spacetime configurations.
In the task of key distribution, we show in Prop. 14 that even two-party protocols can be rendered insecure
unless assumptions are made concerning the spacetime location of the eavesdropper’s measurement event or
shielding of the honest parties to any possible superluminal influences, even those respecting causality.
6. We then examine properties that were previously considered to be common to all no-signaling theories. In
particular, we show in Prop. 18 that the paradigmatic phenomenon of monogamy of correlations violating the
CHSH inequality no longer holds in relativistically causal theories in certain measurement configurations.
7. We re-examine, in Section XI the question whether quantum correlations may admit explanations by finite
speed superluminal influences propagating between the spacelike separated parties, by modifying the argu-
ment from [50] against such v-causal models to show that they would lead to causal loops in certain measure-
ment configurations.
68. Finally, we investigate the phenomenon of multiparty non-locality in light of the new considerations and pro-
pose in Def. 19 a new class of relativistically causal bilocal models in the three-party scenario. We formulate a
new Svetlichny-type inequality in Lemma 21 that is satisfied by this class of models and examine its violation
within quantum theory.
IV. RELATIVISTIC CAUSALITY.
In this paper, we work in the regime of special relativity, i.e., flat spacetime with no gravitational fields, this
regime is valid within small regions of spacetime where the non-uniformities of any gravitational forces are too
small to measure. We consider the causal structure of measurement events occurring at fixed spacetime locations
(t, r). Within this regime, the relativistic causality constraint we consider is simply that :
• No causal loops occur, where a causal loop is a sequence of events, in which one event is among the causes of
another event, which in turn is among the causes of the first event.
Causality implies that for two causally related events taking place at two spatially separated points, the cause always
occurs before the effect, and this sequence cannot be changed by any choice of a frame of reference. Relativistic
Causality is a consequence of prohibiting faster-than-light transmission of information from one spacetime location
A to another space-like separated location B in any inertial frame of reference. A violation of this condition would
lead to the well-known “grandfather-paradoxes". In other words, if an effect B that occurs at a space-time location
(tB, rB) in an inertial reference frame I precedes its cause A that occurs at space-time location (tA, rA) in I (i.e.,
tB < tA) then an observer at B may in turn affect the cause at A and lead to a paradox. An explicit example of a
closed causal loop is shown in the proof of Prop. 2.
A few remarks are in order. Firstly, note that faster-than-light propagation in one privileged frame of reference
alone does not lead to causal loops. Secondly, note that the "principle of causality", i.e., the invariance of the temporal
sequence of causally related events is also directly related to the macroscopic notion of arrow of time from the second
law of thermodynamics [38]. Finally, we remark that in the General Theory of Relativity, the field equations allow
for solutions in the form of closed timelike curves, and there has been much debate over these, with proposals such
as the chronology protection conjecture and a self-consistency principle [47, 48] suggested to prevent time-travel
paradoxes.
V. DERIVING NO-SIGNALING CONSTRAINTS FROM RELATIVISTIC CAUSALITY.
A. Derivation of the two-party no-signaling constraints.
Let us first revisit the derivation of the no-signaling constraint from relativistic causality in the typical two-
party Bell experiment. In any run of the Bell experiment, Alice freely chooses at spacetime location (tA, rA) in I ,
her measurement input x1 ∈ [m] and obtains (instantaneously) the output a1 ∈ [k]. Similarly, Bob who is at a
space-like separated location, in the same run, freely chooses at (tB, rB) his input x2 ∈ [m] and obtains an out-
put a2 ∈ [k]. The requirement of space-like separation, i.e., ∆s2 = |rA − rB|2 − c2 (tA − tB)2 > 0, ensures that
the measurement events fall outside each other’s light cone. The conditional probability distributions of out-
puts given the inputs PA1,A2|X1,X2(a1, a2|x1, x2) that they obtain in the Bell experiment jointly constitute a “box"
P := {PA1,A2|X1,X2(a1, a2|x1, x2)}.
The causality constraint is the requirement that faster-than-light information transmission from Alice to Bob or
Bob to Alice is forbidden, i.e., Alice and Bob cannot use their local measurements to signal to one another. Note that
here, Alice and Bob choose their measurement inputs freely, i.e., we assume the free-choice constraints in Eq.(8).
Proposition 2. In the two-party Bell experiment, the usual no-signaling constraints
∑
a2
PA1,A2|X1,X2(a1, a2|x1, x2) = ∑
a2
PA1,A2|X1,X2(a1, a2|x1, x′2) =: PA1|X1(a1|x1) ∀a1, x1, x2, x′2
∑
a1
PA1,A2|X1,X2(a1, a2|x1, x2) = ∑
a1
PA1,A2|X1,X2(a1, a2|x′1, x2) =: PA2|X2(a2|x2) ∀a2, x1, x′1, x2. (10)
are necessary and sufficient to ensure that relativistic causality is not violated.
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Figure 1: The causal structure of the two-party Bell experiment represented by a directed acyclic graph. The inputs and outputs
of the two parties are denoted by X, Y and A, B respectively. The inputs are chosen freely so no arrows are pointed towards
X, Y. The correlations between the outputs A, B may be explained as caused by a shared random variable Λ which may be local
or non-local depending on the theory under consideration. The input of each party is prevented from influencing the output
distribution of the other party due to the spacelike separation between them.
Proof. Suppose by contradiction that one of the constraints in Eq.(10) was violated, for definiteness, let us suppose
that the marginal distribution of Bob’s outputs depended upon the input of Alice, i.e., suppose
∑
a1
PA1,A2|X1,X2(a1, a2|x1, x2) 6=∑
a1
PA1,A2|X1,X2(a1, a2|x′1, x2). (11)
Note that by assumption, Alice chooses her measurement freely, i.e.,
PX1|X2,A2(x1|x2, a2) = PX1(x1), (12)
so suppose that in some specific run Alice chooses the input X1 = x1 at spacetime location (tA, rA). Since Alice and
Bob’s measurement events are spacelike separated, Eq.(11) would imply physically that a superluminal influence
propagated from Alice’s system to Bob’s system informing Bob of Alice’s input x1. Explicitly, consider that Alice
and Bob share many copies of a system obeying (11), when Alice chooses input x1 on all her subsystems, Bob
guesses x1 with a probability strictly larger than uniform by inspecting his local statistics PA2|X1,X2 . This is illustrated
in Fig.2 where in a particular frame of reference IAB labeled by axes (t, r) (for concreteness, this can be taken to
be the laboratory frame at which Alice and Bob’s systems are at rest), the superluminal influence is shown to be
instantaneous, i.e., the signal travels parallel to the time axis t and reaches Bob’s system at spacetime location (tB, rB).
Now, consider the inertial reference frame ICD labeled by (t′, r′) of Charlie and Dave who are moving uniformly at
some speed v relative to IAB. At the space-time location (tB, rB) = (t′C, r′C) Charlie and Bob’s world-lines intersect,
suppose Bob informs Charlie of the value x1 at this point. Charlie immediately transmits this information via the
same superluminal mechanism to Dave. In the frame ICD, this superluminal influence again travels parallel to the
time axis t′. The information about x1 thus reaches Dave at spacetime location (t′D, r′D) which is in the causal past of
(tA, rA) as shown in Fig. 2. Alice has thus managed to transmit the information about x1 to her causal past. Dave
may then transmit x1 by a sub-luminal signal that reaches Alice at (tA, rA) and Alice could now decide freely to not
measure x1 and measure x′1 instead. Therefore, we see that Eqs.(11) and (12) have resulted in a causal loop, which
would lead to grandfather-style paradoxes. In order to prevent causal loops and preserve the notion of relativistic
causality while still keeping the notion of free will in Eq.(12), we therefore impose the no-signaling condition
∑
a1
PA1,A2|X1,X2(a1, a2|x1, x2) =∑
a1
PA1,A2|X1,X2(a1, a2|x′1, x2). (13)
Analogous reasoning to prevent a closed causal loop starting from Bob’s measurement gives the other no-signaling
condition
∑
a2
PA1,A2|X1,X2(a1, a2|x1, x2) =∑
a2
PA1,A2|X1,X2(a1, a2|x1, x′2). (14)
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Figure 2: An explicit violation of causality occurs when the two-party no-signaling condition in Eq.(10) is violated as in Eq.(11). In
the figure, we consider the violation in terms of Bob’s output distribution depending on Alice’s input. Since Alice’s input x1 was
chosen freely at A (tA, rA), this dependence implies a superluminal signal containing the information x1 was transmitted from A
to B at (tB, rB), here the signal is shown to travel at infinite speed, i.e. parallel to the t-axis. The world-lines of Charlie and Dave
who move at uniform velocity relative to Alice and Bob are also shown. At (tB, rB) = (t′C, r
′
C), Charlie’s world line interesects
Bob who informs Charlie of x1. Charlie then uses the same superluminal signal to send x1 to Dave at (t′D, r′D), this signal travels
parallel to the t′-axis as shown. Note that (t′D, r′D) is in the causal past of Alice, so Dave can send x1 via a subluminal signal to
Alice. Alice can then freely chose to not measure x1 and measure x′1 instead. Thus, we have a closed causal loop resulting in a
violation of causality.
We have therefore derived the necessity of the two-party no-signaling constraints from the requirement that there be
no closed causal loops. That these constraints are also sufficient is clear, since these ensure that the causal structure
in Fig. 1 is maintained. Note that while the outputs can be correlated with each other, this correlation is attributed
to the underlying (local or non-local) hidden variable Λ rather than due to any superluminal influence propagating
from one party to another. uunionsq
This situation is illustrated in the space-time diagram of the measurement process in Fig. 3. As seen in the figure,
while causal relationships are manifestly Lorentz invariant, the specific time sequence of events changes in different
inertial frames of reference, in particular spacelike separated events have no absolute time ordering between them.
In the (t, x) reference frame, the measurement events of Alice and Bob occur simultaneously. In the (t′, x′) inertial
reference frame, Bob’s measurement precedes that of Alice (t′B < t′A), while in the (t
′′, x′′) reference frame, Alice’s
measurement precedes that of Bob (t′′A < t
′′
B). We see that the imposition of the constraints in Eq.(10) prevents any
causal loop (and resulting “grandfather paradoxes"), or in other words relativistic causality is guaranteed by the two-
party no-signaling principle. Note that the “freedom-of-choice" condition that Alice and Bob are allowed to choose
their measurements freely (using a private random number generator, for example) is necessary in the argument
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Figure 3: In an inertial reference frame (t, r) the two (spatially separated) events A and B appear to occur simultaneously, i.e.,
tA = tB. In the inertial reference frame (t′, r′), event B occurs before A, i.e., t′B < t′A. In another inertial reference frame (t
′′, r′′) on
the other hand, event A occurs before B, i.e., t′′A < t
′′
B. To maintain causality, we must have that the output distribution P(a1|x1)
at A must be independent of the input x2 at B, and similarly P(a2|x2) must be independent of the input x1 at A.
above to identify the choice of measurement by Alice as cause and observation by Bob of his output distribution as
effect. Furthermore, remark that it is essential to consider different inertial reference frames to make the argument,
no causality violation would occur if faster-than-light propagation occurred in only one reference frame.
As shown by Eberhard in [67], the no-signaling requirements are satisfied in both non-relativistic quantum theory
and in the relativistic quantum field theory. In quantum field theory, this requirement would be ensured by the
vanishing of commutators of field operators OA and OB representing Alice and Bob’s observables respectively, i.e.,
[OA, OB] = 0 [67]. In the non-relativistic quantum theory that is usually used to analyze Bell experiments, the
description of the Alice-Bob composite system by a density operator ρAB in the tensor product space HA ⊗HB, the
description of quantum operations by local Kraus operators acting on the respective Hilbert spaces and the partial
trace rule ensure that the local statistics only depend on the reduced density matrices of the respective party, and no
superluminal communication even using entangled states is possible.
B. Modification of the three-party no-signaling constraints to the relativistic causality constraints.
The causal structure of the three-party Bell experiment is shown in Fig. 4. Alice’s spacetime random variables
corresponding to her input X and output A are generated at spacetime location (tA, rA) in inerial reference frame I ,
similarly Bob’s input-output Y, B are generated at (tB, rB) and Charlie’s input-output Z, C are generated at (tC, rC).
We now investigate the question:
• What are the necessary and sufficient conditions in the three-party Bell scenario that ensure that no causal loops appear?
We shall see that the answer depends upon the exact spacetime locations of the measurement events in the Bell
experiment.
Proposition 3. Consider the three-party measurement configuration shown in Fig. 5, where in an inertial frame I , the space-
time locations of the measurement events (tA, rA), (tB, rB) and (tC, rC) are such that the intersection of the future light cones
of A and C is contained within the future light cone of B. The necessary and sufficient constraints to ensure that no causality
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violation occurs in this configuration are given by
PB,C|Y,Z(b, c|y, z) =∑
a
PA,B,C|X,Y,Z(a, b, c|x, y, z) = ∑
a
PA,B,C|X,Y,Z(a, b, c|x′, y, z) ∀x, x′, y, z, b, c
PA,B|X,Y(a, b|x, y) =∑
c
PA,B,C|X,Y,Z(a, b, c|x, y, z) = ∑
c
PA,B,C|X,Y,Z(a, b, c|x, y, z′) ∀z, z′, x, y, a, b
PA|X(a|x) =∑
b,c
PA,B,C|X,Y,Z(a, b, c|x, y, z) = ∑
b,c
PA,B,C|X,Y,Z(a, b, c|x, y′, z′) ∀y, y′, z, z′, x, a
PC|Z(c|z) =∑
a,b
PA,B,C|X,Y,Z(a, b, c|x, y, z) = ∑
a,b
PA,B,C|X,Y,Z(a, b, c|x′, y′, z) ∀x, x′, y, y′, z, c.
(15)
Proof. The constraints in Eq.(15) guarantee that the marginal distributions PA|X(a|x), PC|Z(c|z), PA,B|X,Y(a, b|x, y) and
PB,C|Y,Z(b, c|y, z) are well-defined. Firstly, notice that the fact that the marginal PB|Y(b|y) is also well-defined for all
b, y is guaranteed as a consequence of these constraints by the relation
∑
a,c
PA,B,C|X,Y,Z(a, b, c|x, y, z) = ∑
a,c
PA,B,C|X,Y,Z(a, b, c|x′, y, z)
= ∑
a,c
PA,B,C|X,Y,Z(a, b, c|x′, y, z′) ∀x, x′, z, z′, y, b,
(16)
where we used the first and second equalities from Eq.(15) successively. The constraint that each party’s marginal
distribution is well-defined is necessary in order not to violate causality by the two-party result from Prop. 2, i.e.,
if either Alice’s or Charlie’s output statistics exhibited a dependence on Bob’s input (PA|X,Y(a|x, y) or PC|Z,Y(c|z, y))
then by the Prop. 2, Bob could signal his input Y to his causal past and a causal loop would result.
We now move to the two-party distributions. Here, compared to the usual no-signaling constraints in Eq.(9), the
constraints in Eq.(15) only ensure that the A-B joint distribution PA,B|X,Y and the B-C joint distribution PB,C|Y,Z are
well-defined independent of the remaining party’s input. The fact that this is necessary can be seen as follows. In the
measurement configuration in Fig. 5, the spacetime random variable CAB corresponding to the correlations between
the outcomes of A and B manifests itself at the intersection of the future light cones of A and B, and in particular,
CAB can be verified outside the future light cone of C. Any dependence of the joint distribution PA,B|X,Y on the input
Z = z at C can then result in a causal loop, following an analogous reasoning to the two-party result in Prop. 2.
Similarly, we see that it is necessary for PB,C|Y,Z to be well-defined independent of the input X = x at A.
We now move to see the sufficiency of the four constraints in Eq.(15). To see this, we note that as opposed to the
usual sufficient no-signaling constraints (9), these constraints do not ensure that the marginal PA,C|X,Z(a, c|x, z) is
well-defined. In other words, the joint output distribution of Alice and Charlie can explicitly depend upon Bob’s
input Y = y as PA,C|X,Y,Z(a, c|x, y, z) even though the marginal distribution of each party does not depend on y. This
implies that a superluminal influence propagated from Bob’s system to the joint system of Alice and Charlie altering
their joint distribution while keeping their marginal distributions unaffected. The spacetime random variable CAC
corresponding to the correlations between the outputs of A and C only manifests itself at the intersection of the
future light cones of A and C. Briefly, when this intersection is contained within the future light cone of B, CAC is
timelike separated from B and hence any influence of CAC by the choice of input at B does not lead to signaling.
More formally, the argument is stated as follows.
We want that the choice of input Y = y at B does not signal to any space-time location S via the change of
correlations CAC. Now, two possibilities (attempts to signal to S via CAC) arise.
1. Alice at A and Charlie at C transmit their outputs by a light signal at speed c to S. In this case, S must be
contained in the intersection of the future light cones of A and C. Now, the crucial property of the measurement
configuration of Fig. 5 is that the intersection of the future light cones of A and C is contained within the
future light cone of B. Therefore, S is timelike separated from B. Formally, the sum of the time taken for a
superluminal influence (at any arbitrary speed u > c) to move from B to A and the time taken for a light signal
(at speed c) to move from A to S is less than the time taken for a light signal at speed c to travel from B to
S directly. A similar condition holds for the influence traveling via C. Mathematically, these constraints are
captured by the following equations
τ
B
u−→A + τA c−→S < τB c−→S
τ
B
u−→C + τC c−→S < τB c−→S (17)
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where τ
B
u−→A denotes the time taken for a signal at speed u > c to travel from B to A, τA c−→S denotes the time
taken for a light signal (at speed c) to travel from A to S, and so on. The fact that S is always in the future light
cone of B ensures that no superluminal transmission of information takes place.
2. Alternatively, Alice (or Charlie or both) transmits her output A via a subsequent measurement X′ = A and a
similar superluminal influence as Bob did, i.e., Alice superluminally influences the measurement events at two
spacelike separated locations D and E (with the property that the intersection of the future light cones of D and
E is contained within the future light cone of A) in such a way as to change the joint distribution PD,E|U,V,X′=A
while retaining the marginal distributions PD|U and PE|V . If D and E subsequently send a light signal, then as
in the previous argument, the output at A is available only in a location A′ in the future light cone of A. The
intersection of the future light cones of A′ and C is directly seen to be contained within the future light cone of
A and C which is in turn contained within the future light cone of B, so that the information about the outputs
at A and C is again only available at a timelike separation from B. Similarly, if D and E subsequently send a
superluminal influence as Bob did, then we repeat the argument to see that any concentration of information
only occurs within the future light cone of B.
We therefore deduce that in measurement configurations such as in Fig. 5, the constraints in Eq.(15) are necessary
and sufficient as opposed to the usual three-party no-signaling constraints from Eq.(9) which while being sufficient
are not strictly necessary in order to prevent a violation of causality.
uunionsq
Example 4. As a simple illustrative example of the above, consider a box PA,B,C|X,Y,Z with binary inputs and binary outputs
for the three parties of the form
PA,B,C|X,Y,Z(0, 0, 0|x, 0, z) = PA,B,C|X,Y,Z(1, 0, 1|x, 0, z) =
1
2
∀x, z ∈ {0, 1}
PA,B,C|X,Y,Z(0, 0, 0|x, 1, z) = PA,B,C|X,Y,Z(1, 0, 1|x, 1, z) =
1
2
(x, z) ∈ {(0, 0), (0, 1), (1, 0)}
PA,B,C|X,Y,Z(0, 0, 1|1, 1, 1) = PA,B,C|X,Y,Z(1, 0, 0|1, 1, 1) =
1
2
. (18)
This box deterministically outputs b = 0 for both inputs y = 0, 1 and has marginals PA,C|X,Y,Z of the form
PA,C|X,Y,Z(a, c|x, y, z) =
{
PlA,C|X,Z(a, c|x, z) y = 0
PPRA,C|X,Z(a, c|x, z) y = 1.
Here PlA,C|X,Z(a, c|x, z) is a local box that returns correlated outcomes a = c for any input x, z with uniform marginals
PA|X(a|x) = PC|Z(c|z) = 12 for a, c ∈ {0, 1} (such a local box is generated by shared randomness between A and C), and
PPRA,C|X,Z(a, c|x, z) is the Popescu-Rohrlich box [18] that returns outcomes satisfying a⊕ c = x · z also with uniform marginals
PA|X and PC|Z. We see that such a box PA,B,C|X,Y,Z explicitly satisfies the relativistic causality constraints from Prop. 3 since
the local marginals PA|X , PB|Y and PC|Z are well-defined (independent of the inputs of the other party), and the two-party
marginals PA,B|X,Y and PB,C|Y,Z are given explicitly as
PA,B|X,Y(0, 0|x, y) = PA,B|X,Y(1, 0|x, y) =
1
2
∀x, y ∈ {0, 1}
PB,C|Y,Z(0, 0|y, z) = PB,C|Y,Z(0, 1|y, z) =
1
2
∀y, z ∈ {0, 1} (19)
which are also well-defined, independent of the input of the remaining party.
This relativistically causal box maximally saturates the three-party Mermin-type expression a⊕ b⊕ c = x · y · z (even beyond
the customary promise on the input set (x, y, z)), since we have for y = 0 that a ⊕ b ⊕ c = a ⊕ c = 0 and for y = 1 that
a⊕ b⊕ c = a⊕ c = x · z. However, despite this maximal violation, notably in this box, the outputs B are always deterministic.
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Figure 4: The causal structure of the three-party Bell experiment. The outputs A, B, C are correlated via a common Λ. The
inputs X, Y, Z are chosen freely according to a notion of free-choice (see Section VIII). The input X cannot signal to change the
distribution of a remote party’s output B or C, analogously for inputs Y and Z. On the other hand, depending upon the spacetime
configuration of the measurement events, the input may influence the correlations between remote parties’ outputs without
violating causality. In particular, in the measurement configuration shown in Fig. 5, the input Y may influence the correlations
CAC.
Having seen that in certain measurement configurations, the set of constraints in Eq.(15) as opposed to the full set
of no-signaling constraints is already necessary and sufficient to ensure no violation of causality, we now identify the
spacetime configurations where this occurs. To do this, we consider the situation where the superluminal influence
propagates at some fixed speed u > c in an inertial reference frame I . We slightly alter the notation and consider the
situation from a cryptographic perspective with Bob B replaced by Eve E with input-output W, E and Alice-Charlie
A− C replaced by Alice-Bob A− B. Thus, we fix the spacetime coordinates (tA, rA) and (tB, rB) of Alice and Bob,
and investigate from which spacetime location (tE, rE) Eve is able to influence the correlations PA,B|X,Y,W(a, b|x, y, w)
without affecting the marginal distributions PA|X and PB|Y, i.e., in which measurement configurations (15) is neces-
sary and sufficient to prevent the violation of causality. Accordingly, our result is then the following Proposition 5
whose proof is in the Supplemental Material.
Proposition 5. Consider measurement events A, B with corresponding spacetime coordinates (tA, rA), (tB, rB) in a chosen
inertial reference frame I . Then a measurement event E can superluminally influence the correlations between A and B at speed
u > c without violating causality in I if and only if its space coordinate rE satisfies
rE ∈ Seg(©(AB; ϕα)) (20)
for any circle © with AB as a chord and having angle ϕα as the angle in the corresponding minor segment, where ϕα =
pi − 2 arcsin(α) and α = c/u, and if its time coordinate tE satisfies
tE ≤ min
[
tA − |rA − rE|u , tB −
|rB − rE|
u
]
. (21)
Outside of the spacetime region in Proposition 5, the usual no-signaling constraints from (9) turn out to be nec-
essary and sufficient to ensure causality is preserved. Figure 4 shows the causal structure represented by the three-
party Bell experiment represented in terms of a Directed Acyclic Graph (DAG) [72]. We can now consider the
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Figure 5: A particular spacetime configuration of measurement events in the three-party Bell experiment. The spacetime locations
of Alice, Bob and Charlie’s measurement events in some inertial reference frame I labeled by axes (t, r) are given by (tA, rA),
(tB, rB) and (tC, rC) respectively. The correlations between the outputs of Alice and Bob is denoted by a spacetime random
variable CAB which manifests itself (is checked by Alice and Bob) at a spacetime location within the intersection of the future light
cones of Alice and Bob. Similarly, the correlations between the outputs of the other pairs of parties is denoted by CAC and CBC.
The crucial property of this measurement configuration is that the intersection of the future light cones of A and C is contained
within the future light cone of B.
implications of the spacetime structure on the causal relationship, namely we can consider the study of Bayesian
networks of spacetime random variables (SRVs) in light of the considerations of this section, a study which we pur-
sue in future work. Recall that a Bayesian network, or probabilistic directed acyclic graphical model is a probabilistic
graphical model (a type of statistical model) that represents a set of random variables and their conditional depen-
dencies via a directed acyclic graph (DAG). Now, in the DAG that represents a causal structure in the three-party
scenario, an additional ingredient of a new type of edge representing a causal link between the spacetime variable
Y and the effects A, C would be added depending on the spacetime location of the measurement events. This edge
represents the causal link that Y does not influence the marginal distributions of A and C themselves but changes
the joint distribution of A, C. The additional ingredient when considering spacetime variables is that the random
variable CAC representing the correlations between A and C is only created in the future light cone of Y provided
that the intersection of the future light cones of A and C is contained within the future light cone of Y. The causal net-
work corresponding to a particular spacetime arrangement of measurement events would incorporate the additional
edges as possible influences that do not lead to superluminal signaling and respect causality.
C. Multi-party Relativistic Causality.
We now extend to the general n-party scenario the considerations of the previous subsections. In the mutli-party
case, different subsets of the usual no-signaling constraints are sufficient to preserve causality, depending on the
spacetime locations of the measurement events of the n parties. Here, we focus on an extension in the simplest
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1+ 1-dimensional scenario, when the parties are arranged in a line in some reference frame.
Consider n− 1 parties with respective fixed laboratory space coordinates r1, . . . , rn−1 in frame I. Let us identify
the possible space-time region (tn, rn) from which a party n can influence the correlations between the systems of the
n− 1 parties. Clearly, the time coordinates ti of the n− 1 parties at which the influence traveling at u in frame I can
be felt are given by
ti > tn +
|ri − rn|
u
∀i ∈ [n− 1]. (22)
By the results of the previous section, we know that to influence two-party correlations for parties i and j where
i, j ∈ [n− 1], rn must belong to
rn ∈ Ri,j := Seg(©(ri − rj; ϕα)). (23)
All points in the intersection of Ri,j over all pairs i, j ∈ [n− 1], i.e., rn ∈ ⋂i,j Ri,j satisfy the two conditions: (i) (ti, ri)
is contained in the future u-cone of (tn, rn) for all i ∈ [n− 1], and (ii) the intersection of the future light cones of the
n− 1 parties is entirely contained within the future light cone of the n-th party.
In particular, when the n parties are in a line, the relativistic causality constraints (the subset of the usual no-
signaling constraints needed to ensure that causality is not violated) are given as follows. Let Snm,k ⊂ [n] denote a
contiguous subset of [n] = {1, . . . , n} of size k with initial element m, i.e., Snm,k = {m, m + 1, . . . , m + k− 1} for some
1 ≤ m ≤ n− k + 1. Clearly, the number of such contiguous subsets for fixed k is n− k + 1, and the total number of
contiguous subsets of all possible sizes k is ∑n−1k=1 (n− k + 1) = n
2+n−2
2 . For a string of outputs a of the n parties, let
aSnm,k denote the substring of outputs of the parties belonging to the set S
n
m,k, i.e., aSnm,k = {ai} with i ∈ Snm,k and let
a(Snm,k)c denote the outputs of the complementary set of parties. Similarly, let xSnm,k denote the inputs of the parties in
the set Snm,k and x(Snm,k)c denote the inputs of the complementary set. Then the relativistic causality constraints for the
n parties stationed in 1-D are given by
P(aSnm,k |xSnm,k ) = ∑
a’(Snm,k)
c
P(a’|x’) = ∑
a”(Snm,k)
c
P(a”|x”) ∀1 ≤ k ≤ n− 1, 1 ≤ m ≤ n− k + 1 (24)
for all a’, a” with a’Snm,k = a”Snm,k = aSnm,k and for all x’, x” with x’Snm,k = x”Snm,k = xSnm,k . In other words, the marginal
distribution of the outputs for a contiguous subset of parties’ inputs is independent of the complementary set of
parties’ inputs. On the other hand, for a non-contiguous subsets of parties, the joint probability distribution of their
outputs can depend on the inputs of the complementary set, i.e., the parties in between can change the marginal
distributions by their choice of inputs while still respecting relativistic causality.
The causal structure of the n-party Bell experiment is depicted in Fig. 7, where the state of the system is denoted
by Λ, the input and output of the i-th party by Xi, Ai for i ∈ [n].
VI. RELATIONSHIP TO PREVIOUS WORKS.
Before we proceed, let us examine the relationship of the present work with previous studies on relativistic causal-
ity in the foundations of quantum theory. The paradigmatic example of superluminal explanations for correlations
is the de Broglie-Bohm pilot-wave theory [69, 70]. Here, the wave function of the system is supplemented by the
specification of hidden particle positions which evolve according to a guidance equation. The velocity of any particle
can depend upon the positions of other distant particles, and the theory is manifestly nonlocal. Besides positing a
privileged reference frame, the theory also contradicts our usual notion of free choice [71] (as for example formalised
in [56]). In [50], the authors studied the possibility of explaining quantum correlations using influences propagating
at a finite speed v > c (denoted as v-causal models) defined with respect to a privileged reference frame. It was
shown that in the multi-party Bell scenario, if one assumes the usual no-signaling conditions Eq.(9) and the corre-
sponding free-choice conditions, any such v-causal model allows correlations which lead to superluminal signaling.
Recently, [65] looked at a new framework for multi-party correlations without a pre-defined global causal structure
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Figure 6: A particular spacetime configuration of measurement events in the n-party Bell experiment. The correlations between
the observables CAj1 ,...,Ajk manifest themselves at the intersection of the future light cones of Aj1 , . . . , Ajk . For instance, as shown in
the Figure, the correlations CA1,A3 are seen in the intersection of A1 and A3 which in this measurement configuration lies entirely
within the future light cone of A2. As such, any dependence of the joint distribution of outcomes A1 and A3 on the measurement
input at A2 does not lead to any causal loops as shown in the Proposition 3.
Λ
X2
A2
Xn
An
X1
A1
...
Figure 7: The causal structure of the general n-party Bell experiment. The outputs Ai for i ∈ [n] are correlated via a common Λ,
while the inputs Xi are chosen freely according to a notion of free-choice.
(no explicit space-time structure as considered here) but with the validity of quantum mechanics assumed locally.
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Using process matrices (a generalization of the usual density matrices) as fundamental entities, it was shown that there
exist process matrices that are compatible with local quantum mechanics which are however causally nonseparable,
i.e., incompatible with a global causal order. This paper, in contrast, follows a suggestion of Shimony [15], followed
by Grunhaus, Popescu and Rohrlich [19] of “jamming" non-local correlations, i.e., the possibility of non-local cor-
relations that go beyond the usual quantum formalism, and yet do not lead to any contradictory causal loops, that
therefore might appear in post-quantum theories.
VII. LORENTZ INVARIANCE OF THE THEORY.
Recall that the Lorentz symmetry is a fundamental principle of nature stating that the laws of physics stay the
same in all inertial reference frames, or more formally, that the laws must be expressed in terms of Lorentz covariant
quantities. Now, the hypothetical influences that we considered in the derivation of the relativistic causal constraints
propagate at speeds u > c in some chosen inertial reference frame. One might wonder if the resulting theory
can still be Lorentz invariant. Firstly, as we have argued, the superluminal influence does not lead to superluminal
transmissions of information, which are what relativity theory actually prohibits, since they can lead to causal loops
and grandfather paradoxes. Secondly, observe that the conditions imposed by relativistic causality in Proposition 3
are manifestly Lorentz covariant, i.e., if the intersection of the future light cones of A and C is contained within the future
light cone of B in one inertial reference frame, then this intersection is contained in the future light cone of B in all inertial
reference frames. Indeed, this is the reason why these constraints do not allow for a violation of causality.
The speed u > c of the superluminal influence is specified in the chosen inertial frame I , however the Lorentz
transformations do not transform into superluminal frames. The fact that special relativity does not prohibit such
faster-than-light influences has been known since the seminal papers by Bilaniuk, Deshpande and Sudarshan [33]
and Feinberg [77]. The standard approach is to not consider transformations into the rest frame of a particle moving
at speed u > c, so long as all the predictions for the usual subluminal inertial reference frames are Lorentz covariant
as considered here. In this respect, the theory resembles the paradigmatic non-local theory, namely the de Broglie-
Bohm theory which also only makes Lorentz covariant predictions. However, the de Broglie-Bohm theory allows
for instantaneous action-at-a-distance throughout all spacetime and is a non-local deterministic theory. In contrast,
a theory incorporating the relativistic causality constraints manifestly allows for a consistent notion of free-choice
(and consequently intrinsic randomness) which is detailed in the following Section VIII. Finally, we remark that if
one wishes to also consider an extended Lorentz transformation into superluminal frames of reference, one might
follow the approach of [76] who show that by re-deriving Lorentz-like transformations for the superluminal case
(rather than merely substituting into the usual subluminal transformations) one arrives at a Lorentz factor 1√
v2/c2−1
which makes all proper physical quantities real-valued for superluminal frames. Also note that very recently, Hill
and Cox [75] have developed an ‘extended’ version of special relativity that uses such a real-valued Lorentz factor
for v > c.
VIII. FREE-CHOICE.
Recall the freedom-of-choice assumption as stated in Def. 1. This notion of free-choice was captured by the
requirement that each party’s input Xi be uncorrelated with any random variable Z that is not in its causal future
(denoted by Xi 9 Z), where A is said to be in the causal future of B if tB < tA in all inertial reference frames. In
other words, when Xi 9 Z, we impose PXi |Z = PXi .
Consider the causal structure of the n-party Bell experiment in Fig. 7, where the state of the system is denoted
by Λ, the input and output of the i-th party by Xi, Ai for i ∈ [n]. In [58, 71], it is claimed that if for all i ∈ [n], Xi
are free according to Def. 1, then PA1,...,An |X1,...,Xn(a1, . . . , an|x1, . . . , xn) obeys the usual no-signaling constraints in
Eq.(9). With X = {X1, . . . , Xn} and A = {A1, . . . , An}, the formulation of the condition that Xi are free in [58, 71] is
as follows:
Definition 6 (Free-choice notion in [58, 71]). Consider the n-party Bell experiment, where the state of the system is denoted
by Λ, the input and output of the i-th party by Xi, Ai for i ∈ [n]. Then Xi is free according to Def. 1 if the following condition
is satisfied:
PXi |X\Xi ,A\Ai ,Λ(xi|x \ xi,a \ ai,λ) = PXi (xi). (25)
But this notion of freedom-of-choice in [58, 71] misses the slight subtlety raised in this paper which Def. 1 allows
for. Namely, the correlation between two (or more) output spacetime random variables is a spacetime random
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variable CAj ,Ak in its own right, with the associated spacetime location being in the intersection of the future light
cones of the two (or more) output spacetime random variables Aj, Ak themselves. Then, a party’s input Xi does not
need to be independent of the joint distribution (of correlations) of output SRV’s if the correlation only manifests
itself within the future light cone of Xi, even though Xi is required to be independent of the individual marginal
distributions of each output SRV themselves. Accordingly, one can have a non-local effect precede a cause in the
sense that one (or even both) of the outputs Aj or Ak may occur before the Xi was chosen. This has important
consequences as we shall see below.
We propose the following equivalent reformulation (different from the formulation in [58, 71]) of the free-choice
definition 1 in the multi-party Bell scenario.
Definition 7 (Modified notion of free-choice). Consider the n-party Bell experiment, where the state of the system is denoted
by Λ, the input and output of the i-th party by Xi, Ai for i ∈ [n]. Let AXi9 = {Aj} denote a set of outputs Aj such that the
correlation SRV C{Aj} between all the outputs Aj is generated outside the future light cone of Xi. Then Xi is free according to
Def. 1 if the following condition is satisfied:
PXi |X\Xi ,AXi9,Λ(xi|x \ xi,axi9,λ) = PXi (xi). (26)
Let us illustrate the Definition 7 by explicitly stating the free-choice conditions in the three-party Bell scenario with
causal structure shown in Fig. 4 and measurement configuration shown in Fig.5.
Example 8. In the three-party Bell scenario with causal structure shown in Fig. 4 and measurement configuration shown
in Fig.5 with the intersection of A and C’s future light cones falling within the future light cone of B, we have the following
free-choice constraints
PX|Y,Z,B,C,Λ(x|y, z, b, c,λ) = PX(x),
PY|X,A,Λ(y|x, a,λ) = PY(y),
PY|Z,C,Λ(y|z, c,λ) = PY(y),
PZ|X,Y,A,B,Λ(z|x, y, a, b,λ) = PZ(z). (27)
We can now deduce a formal condition following [58, 71] stating that incorporating the three-party free-choice
conditions in Eq.(27) in a theory requires that the theory obey the three-party causality constraints in Eq.(15).
Proposition 9. Consider the causal structure of the 3-party Bell experiment in Fig. 4, where the state of the system is denoted
by Λ, the input and output of Alice, Bob and Charlie are denoted by (X, A), (Y, B) and (Z, C) respectively. If the input
variables X, Y and Z are free according to Definition 1, i.e., obey Eq.(27), then PA,B,C|X,Y,Z(a, b, c|x, y, z) obeys the relativistic
causality constraints in Eq.(15).
Proof. The proof follows by rewriting
PA,B|X,Y,Z,Λ(a, b|x, y, z,λ) = PA,B|X,Y,Λ(a, b|x, y,λ)
PZ|X,Y,A,B,Λ(z|x, y, a, b,λ)
PZ|X,Y,Λ(z|x, y,λ)
= PA,B|X,Y,Λ(a, b|x, y,λ). (28)
Here, the first equality follows by Bayes’ rewriting and the second equality uses the free-choice constraints from
Eq.(27) that PZ|X,Y,A,B,Λ(z|x, y, a, b,λ) = PZ|X,Y,Λ(z|x, y,λ) = PZ(z). Analogously, we can use the free-choice con-
straints PX|Y,Z,B,C,Λ(x|y, z, b, c,λ) = PX|Y,Z,Λ(x|y, z,λ) = PX(x) to show that PB,C|X,Y,Z,Λ = PB,C|Y,Z,Λ. This recovers
the two-party marginals in Eq.(15).
Similarly, the single-party marginals can also be deduced as follows.
PA|X,Y,Z,Λ(a|x, y, z,λ) = PA|X,Λ(a|x,λ)
PY|X,A,Λ(y|a, x,λ)
PY|X,Λ(y|x,λ)
PZ|X,Y,A,Λ(z|x, y, a,λ)
PZ|X,Y,Λ(z|x, y,λ)
= PA|X,Λ(a|x,λ). (29)
Here again the first equality follows by Bayes’ rewriting and the second equality uses the free-choice constraints that
PY|X,A,Λ = PY|X,Λ and PZ|X,Y,A,Λ = PZ|X,Y,Λ. Analogously, one can deduce that PC|X,Y,Z,Λ = PC|Z,Λ. The fact that the
single-party marginal PB|Y,Λ is well-defined follows as in Eq.(16).
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Note that the distribution PA,C|X,Y,Z,Λ does not in general equal PA,C|X,Z,Λ, with
PA,C|X,Y,Z,Λ(a, c|x, y, z,λ) = PA,C|X,Z,Λ(a, c|x, z,λ)
PY|X,Z,A,C,Λ(y|x, z, a, c,λ)
PY|X,Z,Λ(y|x, z,λ)
6= PA,C|X,Z,Λ(a, c|x, z,λ). (30)
This is because in general PY|X,Z,A,C,Λ 6= PY since the correlation CA,C only manifests itself within the future light
cone of the measurement event at B. As such, the amount by which the free-choice condition is violated
PY|X,Z,A,C,Λ
PY|X,Z,Λ
is
exactly equal to the amount by which the no-signaling constraint is violated
PA,C|X,Y,Z,Λ
PA,C|X,Z,Λ
. uunionsq
The considerations of the three-party scenario in Prop. 9 can also be extended straightforwardly to the n-party
scenario.
Proposition 10. Consider the causal structure of the n-party Bell experiment in Fig. 7 for the measurement configuration in
Fig.6, where the state of the system is denoted by Λ, the input and output of the i-th party by Xi, Ai for i ∈ [n]. If, for all
i ∈ [n], Xi are free according to Def. 1, then PA1,...,An |X1,...,Xn(a1, . . . , an|x1, . . . , xn) obeys the relativistic causality constraints
in Eq.(24).
A. Reichenbach’s Common Cause Principle.
In [21], Reichenbach proposed a principle of common cause in an attempt to characterize the asymmetry of time
by exploiting a statistical distinction between cause and effect. Reichenbach’s principle [21] (in the classical setting)
states that if two events A and C are statistically correlated, then either A causes C or C causes A or they have a
cause operative in their common past, where a classical common cause is a shared random variable Y from which the
correlations derive. In other words, we have that PA,C|Y(a, c|y) = PA|Y(a|y)× PC|Y(c|y), i.e., A and C are independent
conditional upon the common cause Y so that this feature could be used to define the distinction between past and
future. The notion of common cause can also be extended to the non-classical setting with the shared random
variable Y replaced by a quantum state ρ. This is akin to the notion of outcome independence from Section II B,
where the common cause of the correlations in the two-party Bell experiment is denoted by Λ. More formally, we
have the following definition
Definition 11. For a classical probability measure space (Σ, P), let A = a and C = c be two positively correlated events in
Σ, i.e., PA,C(a, c) > PA(a)× PC(c). Y ∈ Σ is said to be a common cause of the correlations between A and C if the following
conditions hold:
PA,C|Y(a, c|y) = PA|Y(a|y)PC|Y(c|y)
PA,C|Y(a, c|y⊥) = PA|Y(a|y⊥)PC|Y(c|y⊥)
PA|Y(a|y) > PA|Y(a|y⊥)
PC|Y(c|y) > PC|Y(c|y⊥). (31)
The condition can also be extended to include a system of cooperating common causes. A partition {Yk}k∈K in Σ is
said to be the (Reichenbachian) common cause system of the correlation between A and C if the screening condition
PA,C|Yk = PA|Yk × PC|Yk holds for all k ∈ K. In this case, the common causes {Yk} are in the common causal past of A
and C, i.e., in the intersection of the past light cones of A and C.
Now, consider that A and C are the output SRV’s of measurements by Alice and Charlie, and let Y be the mea-
surement input of Bob. As we have seen, relativistic causality allows, in certain spacetime configurations, for Y
to influence the correlations between A and C without affecting their marginal distributions. Still in the classical
setting, denoting this influence by ΛY, we obtain the screening conditions
PA,C|X,Z,Y,ΛY (a, c|x, z, y,λy) = PA|X,Z,Y,ΛY (a|x, y,λy)PC|Z,Y,ΛY (c|z, y,λy) ∀y,λy. (32)
with the restriction on the marginals
∑
λy
PΛY (λy)PA|X,Y,ΛY (a|x, y,λy) = ∑
λy′
PΛY (λy′)PA|X,Y,ΛY (a|x, y′,λy′) = PA|X(a|x)
∑
λy
PΛY (λy)PC|Z,Y,ΛY (c|z, y,λy) = ∑
λy′
PΛY (λy′)PC|Z,Y,ΛY (c|z, y′,λy′) = PC|Z(c|z). (33)
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This extension of Reichenbach’s principle from Def. 11 allows the SRV’s Y,ΛY to lie in a region that is even outside
the common causal past of A and C so long as the causality constraints in (15) are obeyed.
IX. DEVICE-INDEPENDENT CRYPTOGRAPHY AGAINST RELATIVISTIC ADVERSARIES.
The considerations of the previous sections have important implications for post-quantum cryptographic tasks in
the device-independent scenario, where the honest parties are not assumed to know the exact internal workings of
their device and the eavesdropper is only constrained by the laws of relativity, see for example [53–55]. In particular,
two important considerations appear.
1. Firstly, note that the set of boxes obeying the relativistic causality considerations forms a larger dimensional
polytope than the usual no-signaling polytope. This confers a larger set of attack strategies for an eavesdropper
who may prepare boxes for the honest parties from this larger set. As shown in Proposition 12, in certain known
device-independent protocols for the cryptographic task of randomness amplification [8, 59], this larger set of
attack strategies can severely compromise the security of the protocol, if the honest parties were to perform the
required Bell test in a spacetime measurement configuration where the superluminal influence can take effect.
2. Secondly, and crucially, the security of cryptographic protocols (even relying on a two-party Bell test) can
be compromised when the measurement event of Eve’s system happens in a suitable spacetime location. In
particular, as shown in Proposition 14, the property of monogamy of non-local correlations can break down
under the relativistic causality constraints so that such an eavesdropper can obtain full information about the
output of the honest parties in the protocol.
Remark that the first type of attack strategy above may be circumvented if the honest parties perform their mea-
surements in a carefully chosen measurement configuration where the usual no-signaling constraints (9) are both
necessary and sufficient. In contrast, the second type of attack can only be avoided if certain assumptions are made
about the space-time location of the eavesdropper’s measurement event, or alternatively if the honest parties’ sys-
tems are assumed to be sufficiently shielded from all influences, even those respecting causality.
A. Device-independent Randomness Amplification.
The implications manifest as an adversarial attack strategy in device-independent protocols for randomness gen-
eration, amplification and key distribution when the adversary is only subject to the laws of relativity such as consid-
ered in [8, 53, 59] as opposed to the scenario when the adversary is in addition assumed to obey the laws of quantum
theory [6, 7]. The key step in such a device-independent protocol is a test for the violation of a Bell inequality. Mul-
tiple observers, who are spatially separated, choose random inputs on their parts of a device and check that the
outcomes conform to the violation of some specific Bell inequality. The notion of device-independence then stems
from the black-box scenario, the parties do not have access to the inner workings of the device and the security of
the protocol is assessed solely based on the input-output statistics of the device, so that the device may have been
prepared by the adversary Eve herself.
Mathematically, the device in any single run of the protocol is described by the set of conditional probability
distributions (box) P = {PA|X(a|x)}. Here A = (A1, . . . , An) and X = (X1, . . . , Xn) denote the outputs and inputs of
the device for the n honest parties in the protocol. The parties check the input-output statistics to assess the value of
a Bell expression and make an inference about I · {PA|X(a|x)}, where I is an indicator vector for the Bell expression
that picks out the suitable input-output pairs. The proof of security of such protocols relies on the inference drawn
from the observed Bell violation regarding the amount of randomness present in the output. This is achieved by
checking that for all non-signaling boxes {PA|X(a|x)} that achieve this Bell value, for some function f (a) : |A|n →
{0, 1} of the outputs for some set of inputs x, it happens that η ≤ PA|X( f (a) = 0|x) ≤ 1− η, where 0 < η < 1 [8, 59].
As an example, in the protocol of Barrett, Hardy and Kent [53] for quantum key distribution, the observation of
correlations between Alice and Bob’s outputs as in the Braunstein-Caves-Pearle chained Bell inequality [63, 64] leads
to the conclusion that in the limit of a large number of runs, each party’s output was necessarily uniformly random.
This is because all no-signaling boxes that maximally violate the chained Bell inequality possess the property of
uniformly random marginals for each party. Similar considerations also hold for the protocols considered in [8, 59]
where the maximal violation of a multi-party inequality belonging to the GHZ-Mermin family [62], leads to the
conclusion that a particular function of the outputs (the majority of a subset of the parties’ output bits in this case)
gives rise to randomness.
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Now, from the considerations of the previous sections, we see that there is a larger set of boxes that respect rel-
ativistic causality than those belonging to the usually considered no-signaling polytope, depending on the spatial
locations of the parties. This implies that an adversary who is aware of the spatial locations of the parties involved in
the protocol may provide them with a box that satisfies only the relativistic causality conditions stated in this paper.
In particular, when the n parties are in a line, the relativistic causality constraints (the subset of the usual no-
signaling constraints needed to ensure that causality is not violated) are given from Section V C as
P(aSnm,k |xSnm,k ) = ∑
a’(Snm,k)
c
P(a’|x’) = ∑
a”(Snm,k)
c
P(a”|x”) ∀1 ≤ k ≤ n− 1, 1 ≤ m ≤ n− k + 1 (34)
for all a’, a” with a’Snm,k = a”Snm,k = aSnm,k and for all x’, x” with x’Snm,k = x”Snm,k = xSnm,k . Recall that here S
n
m,k ⊂ [n]
denotes a contiguous subset of [n] = {1, . . . , n} of size k with initial element m, i.e., Snm,k = {m, m+ 1, . . . , m+ k− 1}
for some 1 ≤ m ≤ n − k + 1 and for a string of outputs a of the n parties, aSnm,k denotes the substring of outputs
of the parties belonging to the set Snm,k, i.e., aSnm,k = {ai} with i ∈ Snm,k and let a(Snm,k)c denotes the outputs of the
complementary set of parties. In other words, the marginal distribution of the outputs for a contiguous subset of
parties’ inputs is independent of the complementary set of parties’ inputs. On the other hand, for a non-contiguous
subsets of parties, the joint probability distribution of their outputs can depend on the inputs of the complementary
set, i.e., the parties in between can change the marginal distributions by their choice of inputs while still respecting
relativistic causality.
The boxes P are thus only required to obey the restricted set of constraints imposed in Eq.(34) as opposed to
the usual no-signaling constraints (which posit that the marginal distribution of every subset of parties’ outputs is
independent of the input of the complementary set of parties). The boxes P under the reduced set of constraints
constitute a set of enhanced attack strategies for an eavesdropper assumed to only obey the causality constraints im-
posed by relativity in a device-independent cryptographic protocol. Note that the set of boxes still forms a polytope
in a larger dimensional space (the number of relativistic causality constraints is smaller than the number of usual
no-signaling constraints). Furthermore, note that not all the constraints in Eq.(34) are independent.
We illustrate this attack strategy with a fairly generic example, namely we will show that this enhanced set of
attack strategies allows the adversary to ensure that the parties cannot extract any randomness from the outputs (for
inputs appearing in the inequality), from the violation of the quintessential multi-party Bell inequalities, namely the
GHZ-Mermin inequalities [62]. The Mermin inequality is set in the Bell scenario when each of n parties (for n odd,
n ≥ 3) measures one of two inputs xi ∈ {0, 1} and obtains one of two outputs ai ∈ {0, 1}. The inequality is given as
the following set of constraints on the n-party correlators 〈x1 . . . xn〉 for ∑i xi = n− 2k, with 0 ≤ k ≤ bn/2c, k ∈ Z
〈x1 . . . xn〉 = (−1)k, for∑
i
xi = n− 2k. (35)
Here, the n-party correlation function 〈x1 . . . xn〉 is defined as
〈x1 . . . xn〉 = PA|X(⊕ni=1ai = 0|x1, . . . , xn)− PA|X(⊕ni=1ai = 1|x1, . . . , xn). (36)
When ∑i xi is even, no constraints are imposed on the corresponding correlator.
Measurements by each of the n parties of the Pauli σy and σx operators (for xi = 0, 1 respectively) on the n-qubit
GHZ state
|GHZn〉 = 1√
2
(|0〉1 ⊗ · · · ⊗ |0〉n + |1〉1 ⊗ · · · ⊗ |1〉n) (37)
result in a violation of the inequality up to its maximum value, i.e., satisfies all the constraints in Eq.(35).
The inputs x for which constraints are imposed on the correlator are said to appear in the inequality, this set of
inputs is denoted by XMerm := {x|∑i xi = n− 2k, k ∈ Z}. In [61], it was shown that satisfying Eq.(35) implies, in
the asymptotic setting of an infinite number of parties n → ∞, that a particular function of the output bits is fully
random. In particular, the following function of the outputs gx(a) was considered for any input x that appears in the
Mermin inequality.
g(a) =
{
1 ∑i ai = (4k + 2), k ∈ Z≥0 ∧ x ∈ XMerm
0 else (38)
As the number of parties n → ∞ it was shown that P(g(a) = 1|x) → 12 , implying that for all boxes satisfying the
usual multi-party no-signaling conditions and the Mermin constraints Eq.(35), the bit defined by the function g(·)
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possesses full intrinsic randomness and defines a process where full randomness amplification takes place. We show
in the following proposition that this conclusion no longer holds when in place of the usual no-signaling conditions,
only the relativistic causality conditions are taken into account. Furthermore, we show that when considering the
inputs appearing in the Mermin inequality, no function of the output bits possesses any randomness for all odd n ≥ 3.
We leave as an open question whether there exists any multi-party Bell inequality with the property of maximum
violation such that all the boxes obeying the new relativistic causality conditions admit a hashing function that
defines a (partially) random bit.
Proposition 12. Consider the n-party GHZ-Mermin Bell inequality, for odd n ≥ 3. Suppose that in some inertial reference
frame, the n space-like separated parties are arranged in 1-D, with r1 < · · · < rn and perform their measurements simultane-
ously, i.e., t1 = · · · = tn. Then for any input x∗ appearing in the inequality, i.e., x∗ ∈ X nMerm, there exists a box PA|X violating
the Mermin inequality maximally and obeying the relativistic causality constraints in Eq.(24), such that no randomness can be
extracted from the outputs a of the box under input x∗. In other words, we have
PA|X(a∗|x∗) = 1, (39)
for some fixed output bit string a∗.
Proof. See the Supplemental Material. uunionsq
B. Device-independent key distribution against relativistic eavesdroppers.
The considerations of the previous subsection also extend to multi-party protocols for device-independent key
distribution against relativistic eavesdoppers, namely that the boxes that the honest parties use in such protocols
are only subject to the subset of the no-signaling constraints imposed by relativistic causality. Here, we focus on
the second important consideration highlighted at the beginning of this section, namely the compromised security
of two-party protocols due to the failure of monogamy of non-local correlations under the relativistic causality con-
straints when the eavesdropper’s measurement event is at an appropriate spacetime location.
In a QKD protocol, we model the initial correlations between Alice, Bob and an eavesdropper Eve by a distribu-
tion PA,B,C|X,Y,Z. In the device-independent setting, this distribution is a priori unknown and may have been chosen
by the adversary. We consider the situation when the security claims are supposed to hold for any possible initial
distribution compatible with the constraints imposed by relativity. Alice and Bob have access to a public authenti-
cated communication channel so that any information sent through this channel is available to Eve. In each step of
the protocol, Alice and Bob either access correlated data, perform local operations or exchange messages M over the
public authenticated channel and in the final step, they generate the keys KA, KB ∈ {0, 1}N . The protocol is said to be
secure if the resulting distribution PrealKA ,KB ,M,C|Z is indistinguishable from an ideal one 2
−NδkA ,kB P
real
M,C|Z, where P
real
M,C|Z
is the marginal distribution obtained from PrealKA ,KB ,M,C|Z and 2
−NδkA ,kB indicates that Alice and Bob’s versions of the
secret key are identical and uniformly distributed independent of M, C, Z. In the notion of universally composable
security, the distinguishability of these two distributions, quantified by D
(
PrealKA ,KB ,M,C|Z, 2
−NδkA ,kB P
real
M,E|Z
)
, can be
made arbitrarily small for large N, so that when the secret key is used in another subsequent cryptographic task,
the composed protocol is as secure as if an ideal secret key was used. Here D(PX , QX) denotes the total variation
distance D(PX , QX) := 12 ∑x |PX(x)−QX(x)|.
Here, we focus on the key distribution protocols from [53, 54] that were proven secure against eavesdroppers obey-
ing the usual no-signaling constraints and examine what happens when we modify these to the relativistically causal
constraints. These protocols are based on the quantum violation of the Braunstein-Caves-Pearle chain inequalities
[63, 64]. The chained Bell inequalities are a family of two-party correlation Bell inequalities (XOR games) with m ≥ 2
inputs and two outputs per party, that generalize the well-known CHSH inequality. As usual, labeling the inputs of
Alice and Bob by x, y ∈ [m] respectively, and the outputs by a, b ∈ {0, 1}, the chain Bell expression Im,chAB is explicitly
written as
Im,chAB
(
PA,B|X,Y
)
:=
 ∑
x,y∈[m]
x=y ∨ x=y+1
PA,B|X,Y(a⊕ b = 1|x, y)
+ PA,B|X,Y(a⊕ b = 0|1, m) ≥ 1. (40)
The minimum value of the chain expression in Eq.(40) within classical theories is 1. In general no-signaling theories
obeying Eq.(10), the algebraic minimum of 0 can be achieved. Measurements on a quantum state can give rise to
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correlations that achieve the minimum quantum value of 2m sin2
(
pi
4m
)
, which approaches the algebraic minimum of
0 for large m. This value is achieved when Alice and Bob share the maximally entangled state
|φ+〉 = 1√
2
(|00〉+ |11〉) (41)
and perform the measurements corresponding to the basis{
cos
(
θi
2
)
|0〉+ sin
(
θi
2
)
|1〉, sin
(
θi
2
)
|0〉 − cos
(
θi
2
)
|1〉
}
, (42)
where
θx =
pi(x− 1)
m
, ∀x ∈ [m]
θy =
pi(2y− 1)
2m
∀y ∈ [m] (43)
denote Alice and Bob’s measurement angles.
The significance of the quantum violation of the chained Bell inequalities for generating secure keys is that, in
the limit of large m, the correlations that achieve the minimum quantum value become monogamous and uniform.
In other words, consider any distribution PA,B,C|X,Y,Z obeying the usual tripartite no-signaling constraints (where
(Z, C) denote the input and output of Eve on her system) for which Im,chAB (P) is close to 0. Then, for any choice of
input Z = z by Eve, her output C is virtually uncorrelated with A and PA|X(a|x) is virtually indistinguishable from
uniform, for all a ∈ {0, 1}. This fact that the violation of the chain inequality leads to private randomness and secure
key in the outputs of Alice and Bob for large number of inputs m is captured by the following Proposition 13.
Proposition 13 ([53, 54]). For any distribution {PA,B,C|X,Y,Z} obeying the usual multi-party no-signaling constraints (9) in
which A and B are binary, there holds
D
(
PA,C|X,Y,Z(a, c|x, y, z), PuA|X(a|x)× PC|X,Y,Z(c|x, y, z)
)
≤ 1
2
Im,chAB
(
PA,B,C|X,Y,Z
)
, (44)
for all x, y ∈ [m], and z, and
D(PC|x,y,z,a, PC|z) ≤ Im,chAB
(
PA,B,C|X,Y,Z
)
, (45)
for all a ∈ {0, 1}, x, y ∈ [m] and z. Here Im,chAB
(
PA,B,C|X,Y,Z
)
= Im,chAB
(
PA,B|X,Y
)
denotes the violation of the chain inequality
by the marginal box PA,B|X,Y and PuA|X denotes the uniform distribution, i.e., P
u
A|X(a|x) = 12 for all a ∈ {0, 1}, x ∈ [m].
This is also sometimes equivalently stated as the classical mutual information between the outputs A and C of
Alice and Eve being bounded by the violation of the chain inequality I(A : C) ≤ 12Im,chAB
(
PA,B|X,Y
)
.
We now show that the above Proposition 13 does not hold for relativistic causal distributions {PA,B,C|X,Y,Z} in
the measurement configuration of Fig. 5, thus implying that the security of QKD protocols such as [53, 54] that are
based on this proposition may be compromised when Eve happens to perform her measurement at an appropriate
spacetime location.
Proposition 14. Consider a two-party QKD protocol where Alice and Bob perform a test of the Braunstein-Caves-Pearle
chained Bell inequality Imch (40) with m ≥ 2 of inputs per party, and Eve measures a single input Z = 1. Suppose that in some
inertial reference frame, the three space-like separated parties are arranged in the measurement configuration of Fig. 5, i.e., in
1-D with tA = tB = tC and rA < rB < rC with the intersection of A and C’s future light cones contained within the future
light cone of B. For fixed m, and any chosen input y of Bob, there exists a relativistic causal box PA,B,C|X,Y,Z such that
Im,chAB
(
PA,B,C|X,Y,Z
)
= 0, and
D
(
PB,C|X,Y,Z(b, c|x, y, z = 1), PuB|Y(b|y)× PC|X,Y,Z(c|x, y, z = 1)
)
= 1 ∀x ∈ [m]. (46)
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Proof. The proof is by explicit construction of the box PA,B,C|X,Y,Z that satisfies the conditions in (46). Simply, this
box is defined by the entries
PA,B,C|X,Y,Z(0, 1, 1|1, m, 1) = PA,B,C|X,Y,Z(1, 0, 0|1, m, 1) =
1
2
PA,B,C|X,Y,Z(0, 0, 0|x, y, 1) = PA,B,C|X,Y,Z(1, 1, 1|x, y, 1) =
1
2
∀(x, y) 6= (1, m). (47)
By construction, the marginal box PA,B|X,Y outputs correlated answers for all input pairs (x, y) except for (1, m)
for which it outputs anti-correlated answers so that Im,chAB
(
PA,B,C|X,Y,Z
)
= 0. Also, by construction each marginal
PA|X ,PB|Y,PC|Z is uniform and the marginals PA,B|X,Y and PB,C|Y,Z are well-defined, so that the box obeys the
relativistic causality constraints for this scenario. Finally, Bob’s output is perfectly correlated with the output of Eve,
so that her guessing probability of his seemingly random output is 1 inspite of the fact that the chain inequality is
maximally violated. Also note that during the key run, as usual in a QKD protocol [53, 54], Alice and Bob announce
their inputs whence Eve is able to guess Alice’s output for any of her inputs also with unit probability. uunionsq
Remark 15. We remark that while the attack in Proposition 14 is allowed within the laws of relativity in that it does not lead
to any causal loops, in a cryptographic scenario one may additionally assume that the honest parties perform their Bell test
within shielded laboratories, where the assumption of shielding (which ensures that no influence, superluminal or otherwise, is
transmitted from their systems to Eve’s and vice versa) is formally equivalent to imposing the no-signaling constraints on the
distributions PA,B,C|X,Y,Z.
Remark 16. Additionally, the honest parties may also vary (randomly) the timing of their measurement events to attempt to
ensure that Eve’s measurement happens outside the space-time region in Proposition 5.
Remark 17. We also remark that in such applications, the boxes should be labeled by the set of space-time coordinates of the
measurement events P(tA ,rA),(tB ,rB),(tC ,rC)A,B,C|X,Y,Z to deduce the relativistic causality constraints obeyed by the box (in each run of the
Bell test).
X. PROPERTIES OF CAUSAL VS NO-SIGNALING THEORIES.
The general properties of theories that obey the no-signaling constraints (9) were studied in [60]. A number of
properties that were considered to be quintessentially quantum such as monogamy of correlations, no-cloning, ran-
domness, secrecy etc. were found to be present in such theories. As we have seen, in general the set of relativistically
causal correlations is a larger set than the set of no-signaling correlations. Paradoxically, just as the relaxation to the
Minkowski causality conditions lead to a larger set of attack strategies for an eavesdropper (and a consequent loss in
extractable randomness), we find that the paradigmatic property of monogamy of non-local correlations which was
hitherto thought to be generic in all theories compatible with relativity may be circumvented in specific spacetime
measurement configurations.
A. Monogamy of non-local correlations.
We now show that the property of monogamy of non-local correlations is significantly weakened under the rela-
tivistic causality constraints and the feature of monogamy of correlations violating the CHSH inequality even disap-
pears in certain spacetime configurations. Specifically, we consider the three-party Bell scenario where the parties Al-
ice, Bob and Charlie perform two binary outcome measurements x, y, z ∈ {0, 1} and obtain outcomes a, b, c ∈ {0, 1}
respectively. We label the corresponding binary observables of each party by Ax, By and Cz respectively. We consider
the well-known CHSH inequality [31] between Alice-Bob and Bob-Charlie. The CHSH expression 〈CHSH〉AB reads
as
〈CHSH〉(AB) := 〈A0B0〉+ 〈A0B1〉+ 〈A1B0〉 − 〈A1B1〉, (48)
where as usual 〈AxBy〉 = PA,B|X,Y(a⊕ b = 0|x, y)− PA,B|X,Y(a⊕ b = 1|x, y). In a local hidden variable theory, the
value 〈CHSH〉AB is bounded by 2. The well-known Popescu-Rohrlich (PR) box is a two-party no-signaling box that
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achieves a value of 4 for the expression. In the three-party scenario, under the usual no-signaling constraints, the
non-local correlations exhibit a phenomenon of monogamy that is captured by the relation [32]
〈CHSH〉(AB) + 〈CHSH〉(BC) ≤ 4. (49)
In other words, when Alice-Bob observe maximum violation of the CHSH inequality, no correlations can occur
between the observables of Bob and Charlie. This phenomenon of monogamy of correlations has found application
as the underlying feature that is responsible for the security of many device-independent cryptographic protocols.
By observing a sufficiently high violation of the Bell inequality, Alice and Bob are able to ensure that their systems
are not highly correlated with any system held by a third party such as an eavesdropper.
We find however that under the relativistically causal constraints that occur when the three parties are arranged
in 1-dimension, the phenomenon of monogamy is considerably weakened in general and in the above mentioned
Bell scenario, it completely disappears. This is captured by the following proposition.
Proposition 18. Consider a three-party Bell scenario, with Alice, Bob and Charlie each performing two measurements x, y, z ∈
{0, 1} of two outcomes a, b, c ∈ {0, 1} respectively. Suppose that in some inertial reference frame, the three space-like separated
parties are arranged in 1-D, with rA < rB < rC and perform their measurements simultaneously, i.e., tA = tB = tC. Then,
there exists a three-party relativistically causal box PA,B,C|X,Y,X(a, b, c|x, y, z) such that
〈CHSH〉(AB)P + 〈CHSH〉(BC)P = 8. (50)
Proof. See the Supplemental Material. uunionsq
XI. EXPLAINING QUANTUM CORRELATIONS BY FINITE (SUPERLUMINAL) SPEED V-CAUSAL MODELS.
In [50, 51], the question was considered whether quantum correlations somehow arise from outside spacetime
or can the correlations be explained by causal (even if superluminal) influences propagating continuously in space.
The possibility of “v-causal theories" was considered, i.e., theories incorporating a finite superluminal influence
propagating at speed v > c in a privileged reference frame. For two-party Bell experiments, the best one can hope to
do is to experimentally lower-bound such a v by testing Bell inequality violations between systems in laboratories
farther apart and better synchronized. However, in the multi-party scenario, the authors of [50, 51] showed that
surprisingly the strength of multi-party quantum nonlocality is large enough that any v-causal model that attempts
to explain the quantum correlations also gives rise to predictions that can lead to superluminal communication.
The argument used to reach this conclusion relied on a special kind of Bell inequality, termed “hidden influence"
inequalities. Here, we re-examine this argument in light of the formulation of relativistic causality and free-choice
constraints in this paper.
In particular, two measurement configurations were considered: a four-party Bell experiment in [50] and a three-
party Bell experiment in [51]. In the four-party Bell experiment [50] with spacelike separated parties A, B, C and D,
the measurement configuration was as shown in Figure 8. Here, in addition to the usual light cones, the v-causal
model also gives rise to a past and future v-cone in a privileged reference frame. In these models, two events that
are causally related by a v signal could be correlated while correlations between events that are outside each other’s
v cones are assumed to be local. A particular dichotomy theorem was proven: namely that either the statistics of
BC|AD is local or the no-signaling conditions are violated. This was based on the following “hidden influence"
inequality [50]
I = −3〈A0〉 − 〈B0〉 − 〈B1〉 − 〈C0〉 − 3〈D0〉 − 〈A1B0〉 − 〈A1B1〉+ 〈A0C0〉+ 2〈A1C0〉+ 〈A0D0〉
+〈B0D1〉 − 〈B1D1〉 − 〈C0D0〉 − 2〈C1D1〉+ 〈A0B0D0〉+ 〈A0B0D1〉+ 〈A0B1D0〉 − 〈A0B1D1〉
−〈A1B0D0〉 − 〈A1B1D0〉+ 〈A0C0D0〉+ 2〈A1C0D0〉 − 2〈A0C1D1〉 ≤ 7, (51)
which is satisfied by all no-signaling boxes PA,B,C,D|X,Y,Z,W for which the conditional boxes PB,C|Y,Z,A,X,D,W are local.
The hidden influence inequality (51) is violated by quantum boxes which achieve a value Iqm ' 7.2 giving rise to
the conclusion that quantum correlations cannot be explained by finite-speed v-causal influences.
Now, by Eq. (24), the set of constraints that are necessary and sufficient to preserve causality in
the measurement configuration of Fig. 8 is given by the condition that the marginal distribution of the
outputs for any contiguous subset of parties is well-defined, i.e., that PA1,A2,A3|X1,X2,X3(a1, a2, a3|x1, x2, x3),
PA2,A3,A4|X2,X3,X4(a2, a3, a4|x2, x3, x4), PA1,A2|X1,X2(a1, a2|x1, x2), PA2,A3|X2,X3(a2, a3|x2, x3), PA3,A4|X3,X4(a3, a4|x3, x4),
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PA1|X1(a1|x1), PA2|X2(a2|x2), PA3|X3(a3|x3) and PA4|X4(a4|x4) are well-defined.
∑
a4
P(a1, a2, a3, a4|x1, x2, x3, x4) = ∑
a4
P(a1, a2, a3, a4|x1, x2, x3, x′4) ∀a1, a2, a3, x1, x2, x3, x4, x′4
∑
a1
P(a1, a2, a3, a4|x1, x2, x3, x4) = ∑
a1
P(a1, a2, a3, a4|x′1, x2, x3, x4) ∀a2, a3, a4, x2, x3, x4, x1, x′1
∑
a1,a2
P(a1, a2, a3, a4|x1, x2, x3, x4) = ∑
a1,a2
P(a1, a2, a3, a4|x′1, x′2, x3, x4) ∀a3, a4, x3, x4, x1, x2, x′1, x′2
∑
a2,a3
P(a1, a2, a3, a4|x1, x2, x3, x4) = ∑
a2,a3
P(a1, a2, a3, a4|x1, x′2, x′3, x4) ∀a1, a4, x1, x4, x2, x3, x′2, x′3
∑
a3,a4
P(a1, a2, a3, a4|x1, x2, x3, x4) = ∑
a3,a4
P(a1, a2, a3, a4|x1, x2, x′3, x′4) ∀a1, a2, x1, x2, x3, x4, x′3, x′4
∑
a2,a3,a4
P(a1, a2, a3, a4|x1, x2, x3, x4) = ∑
a2,a3,a4
P(a1, a2, a3, a4|x1, x′2, x′3, x′4) ∀a1, x1, x2, x3, x4, x′2, x′3, x′4
∑
a1,a2,a3
P(a1, a2, a3, a4|x1, x2, x3, x4) = ∑
a1,a2,a3
P(a1, a2, a3, a4|x′1, x′2, x′3, x4) ∀a4, x4, x1, x2, x3, x′1, x′2, x′3
∑
a1,a3,a4
P(a1, a2, a3, a4|x1, x2, x3, x4) = ∑
a1,a3,a4
P(a1, a2, a3, a4|x′1, x2, x′3, x′4) ∀a2, x2, x1, x3, x4, x′1, x′3, x′4
∑
a1,a2,a4
P(a1, a2, a3, a4|x1, x2, x3, x4) = ∑
a1,a2,a4
P(a1, a2, a3, a4|x′1, x′2, x3, x′4) ∀a3, x3, x1, x2, x4, x′1, x′2, x′4. (52)
For the particular sequence of measurement events in the Fig. 8, with tA < tD < tB ∼ tC, the v-causal
model predicts that the correlations BC|AD of systems B and C conditioned upon the input-output of systems
A and D are local. This implies by the result of [50] that the usual no-signaling conditions which impose
that PA1,A2,A3|X1,X2,X3(a1, a2, a3|x1, x2, x3), PA1,A2,A4|X1,X2,X4(a1, a2, a4|x1, x2, x4), PA1,A3,A4|X1,X3,X4(a1, a3, a4|x1, x3, x4)
and PA2,A3,A4|X2,X3,X4(a2, a3, a4|x2, x3, x4) are well-defined is violated. In [50], the authors argue that it is the
PA1,A2,A3|X1,X2,X3(a1, a2, a3|x1, x2, x3) or the PA2,A3,A4|X2,X3,X4(a2, a3, a4|x2, x3, x4) that is not well-defined. The argu-
ment is that since the ACD measurement events happen outside the future v-cone of B in Fig. 8, and B chooses his
measurement freely at that location (with the notion of free will according to Definition 6), B’s input X2 cannot cause
(be correlated to) the output distribution of ACD. An analogous argument gives that the joint output distribution of
ABD cannot depend on C’s input X3.
While the above argument was in a single privileged reference frame, to make the argument for causality violation
by the v-causal model (modulo the assumptions of [50]), one must take into account the following.
1. A consideration of measurement events in different inertial reference frames is necessary for superluminal
influences to lead to causal loops. This is for example seen in Figure 2 where the introduction of Charlie and
Dave moving with uniform velocity relative to Alice and Bob was necessary to create a closed causal loop
and the consequent violation of causality. Superluminal signals within a single reference frame do not lead to
any causal paradoxes. Note also that, when investigating v-causal models in different reference frames, one
can always find a reference frame in which two space-like separated events are simultaneous, in which case
the non-locality seen from that reference frame requires an explanation in terms of influences propagating at
infinite speed (in that frame).
2. An influence propagating faster-than-light in one frame of reference, can travel back in time in another frame.
Explicitly, consider a superluminal v-speed influence propagating in an inertial reference frame I from (tB, xB)
to the event at (tD, xD) with v =
xD−xB
tD−tB where xD > xB and tD > tB so that D happens after B in frame
I . Now, consider another reference frame I ′ moving at speed u < c relative to I . According to the Lorentz
transformations, we have
t′D − t′B =
(tD − tB)− uc2 (xD − xB)√
1− u2c2
= (tD − tB)
1− uvc2√
1− u2c2
. (53)
Now with v > c, we may find a reference frame I ′ moving at speed u < c and obeying uv > c2 so that
1 − uvc2 < 0. In this case, we get t′D < t′B and the event D precedes the event B in reference frame I ′. In
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particular, the above argument shows that the fact that the ACD measurement events are outside the future v-
cone of B in a privileged reference frame does not imply that they will remain outside the future v-cone of B in
every inertial reference frame, since it is c-causality that is preserved by the Lorentz transformation. Therefore,
one may find inertial frames in which a superluminal influence propagates backwards in time and influences
the ACD distribution. That such an influence would not lead to causal loops in the measurement configuration
of Fig. 8 is guaranteed by the argument of Proposition 3 since the intersection of the future c-cones of A, C and
D lies entirely within the future c-cone of B. Analogously, the ABD correlations may also depend on C’s input.
Remark however, that in order for the argument of [50] to work, it is necessary to assume that the BC|AD
correlations are local, despite this fact.
3. In order to incorporate superluminal influences within a theory with the aim to preserve causality, it is nec-
essary to consider the free-choice definition in Def. 7. In particular, since such superluminal influences allow
correlations between measurement inputs and joint distributions of sets of measurement outcomes as long
as they do not lead to causal paradoxes, the imposition of the free-choice condition in Def. 6 is too strong a
requirement in a theory with superluminal influences. A modification of the measurement configuration is
then required to ensure that the argument stands even with the notion of free-will in Def. 7. As an example,
let us impose a requirement that the parties’ measurement events be performed at the coordinates given by
(tA, rA) = (0, (0, 0, 0)), (tD, rD) =
(
1
v , (1, 1, 0)
)
, (tB, rB) =
(
1+
√
2
v , (1, 0, 0)
)
and (tC, rC) =
(
1+
√
2
v , (0, 1, 0)
)
.
For v > (1 +
√
2)c, these coordinates ensure that the usual no-signaling restrictions are both necessary and
sufficient to preserve causality, while still ensuring that the v-causal order A < D < (B ∼ C) is maintained.
In other words, one can check that for any subset of the parties, there exists a point in the intersection of their
future light cones that is outside the future light cone of the remaining party. An explanation of the quantum
violation of the hidden influence inequality in this configuration would then lead to the conclusion (modulo
the assumptions above and in [50]) that the v-causal model results in a causal loop.
For the three-party measurement configuration of [51], an analogous argument as above shows that since the inter-
section of A and C’s future light cones is contained within B’s future light cone, by the argument in Proposition 3 no
causal loops would result if the correlations CAC depend upon B’s input. A suitable modification of the measurement
configuration would ensure that the argument is maintained even under the notion of free-choice in (7).
XII. MULTIPARTY NONLOCALITY.
Compared with the scenario of two-party nonlocality where PA,B|X,Y is either local or non-local, in the multi-party
scenario, different kinds of nonlocality can be distinguished. In the tripartite scenario, the local correlations are
defined as usual as those PA,B,C|X,Y,Z that can be expressed as
PA,B,C|X,Y,Z(a, b, c|x, y, z) =∑
λ
qΛ(λ)PA|X,Λ(a|x,λ)PB|Y,Λ(b|y,λ)PC|Z,Λ(c|z,λ), (54)
with ∑λ qΛ(λ) = 1. While correlations not of the form above are non-local, different kinds of tripartite nonlocality
can be distinguished [36, 37].
In pioneering work [34], Svetlichny introduced the notion of genuine 3-way nonlocal or Svetlichny nonlocal cor-
relations which are those PA,B,C|X,Y,Z that cannot be expressed in the form
PA,B,C|X,Y,Z(a, b, c|x, y, z) = rAB|C∑
λ
qΛ(λ)PA,B|X,Y,Λ(a, b|x, y,λ)PC|Z,Λ(c|z,λ)
+ rAC|B∑
γ
qΓ(γ)PA,C|X,Z,Γ(a, c|x, z,γ)PB|Y,Γ(b|y,γ)
+ rBC|A∑
υ
qΥ(υ)PB,C|Y,Z,Υ(b, c|y, z, υ)PA|X,Υ(a|x, υ), (55)
with rAB|C, rAC|B, rBC|A ≥ 0, rAB|C + rAC|B + rBC|A = 1 and ∑λ qΛ(λ) = ∑γ qΓ(γ) = ∑υ qΥ(υ) = 1. Here, the bipar-
tite distributions are not required to obey the bipartite no-signaling conditions, so these can be arbitrary signaling
correlations. Correlations of the form in Eq.(55) are referred to as bilocal (BL) or “S2-local" . Svetlichny introduced
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A(tA, rA)
D(tD, rD)
B(tB, rB) C(tC, rC)
Figure 8: The spacetime measurement configuration of the four-party Bell experiment considered in [50]. The spacetime coordi-
nates of the measurement events of the four parties are labeled as (tA, rA), (tB, rB), (tC, rC) and (tD, rD) respectively. The yellow
cones denote the future light cones of the four measurement events in the chosen reference frame while the grey cones denote the
v-like future cones, for v > c. The argument in [50] is that due to a randomness in the choice of measurement time and freedom
in the choice of measurement setting, either B or C is unable to influence the correlations ACD, ABD respectively.
an inequality, the violation of which guarantees that the correlations are Svetlichny nonlocal, i.e., not of the form in
(55). The inequality is expressed in terms of the correlation functions 〈AxByCz〉 with
PA,B,C|X,Y,Z(a, b, c|x, y, z) =
1
8
[1+ (−1)a〈Ax〉+ (−1)b〈By〉+ (−1)c〈Cz〉+ (−1)a+b〈AxBy〉+
(−1)b+c〈ByCz〉+ (−1)a+c〈AxCz〉+ (−1)a+b+c〈AxByCz〉]. (56)
In terms of the correlators, Svetlichny’s inequality is explicitly written as
ISve := |〈A1B1C1〉+ 〈A1B1C2〉+ 〈A2B1C1〉 − 〈A2B1C2〉+ 〈A1B2C1〉 − 〈A1B2C2〉 − 〈A2B2C1〉 − 〈A2B2C2〉| ≤ 4.(57)
Suitable measurements on GHZ and W-class states lead to a violation of the inequality showing that quantum
correlations are genuinely tripartite non-local according to this notion.
Alternatively, when the bipartite distributions in (55) obey the two-party no-signaling constraints, the resulting
correlations PA,B,C|X,Y,Z are said to be no-signaling bilocal (NSBL). In the intermediate situation, when the bipartite
distributions allow for signaling in one direction, the resulting correlations are termed time-ordered bilocal (TOBL) i.e.,
when PA,B|X,Y,Λ and the other bipartite distributions are of the form PA→BA,B|X,Y,Λ or P
B→A
A,B|X,Y,Λ where these obey only
the unidirectional no-signaling restrictions
PA→BA|X,Λ(a|x,λ) = ∑
b
PA→BA,B|X,Y,Λ(a, b|x, y,λ)
PB→AB|Y,Λ(b|y,λ) = ∑
a
PB→AA,B|X,Y,Λ(a, b|x, y,λ). (58)
Clearly, NSBL ⊂ TOBL ⊂ BL. In formulating an operational framework for nonlocality [37], i.e., terming genuine
tripartite nonlocality as that which cannot be created by local operations and allowed classical communication when
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two parties collaborate, the authors of [37] showed that surprisingly being outside the set BL is sufficient but not
necessary for genuine tripartite nonlocality, i.e., there exist correlations PA,B,C|X,Y,Z ∈ BL which would also be gen-
uinely tripartite nonlocal under an operational consideration. In other words, there are correaltions in BL which
under wirings and classical communication prior to the inputs between B and C can result in nonlocality in the cut
A− BC, so that violation of Svetlichny’s inequality is sufficient but not necessary for genuine multiparty nonlocal-
ity. A fundamental reason why the seemingly natural definition of Svetlichny (55) does not capture the operational
notion of genuine multi-way nonlocality is the lack of the no-signaling restrictions on the bipartite distributions in
(55). Violation of an inequality separating NSBL correlations from the rest by PA,B,C|X,Y,Z indicates that these corre-
lations are genuinely 3-way NS nonlocal [36]. Here we review the notion of genuine 3-way nonlocality in light of
the considerations of previous sections. In particular, we introduce a notion of relativistically causal bilocal (RCBL)
correlations and propose an inequality the violation of which suggests that the resulting correlations PA,B,C|X,Y,Z are
genuinely relativistically causal 3-way nonlocal.
Definition 19. Suppose that PA,B,C|X,Y,Z(a, b, c|x, y, z) can be written in the form
PA,B,C|X,Y,Z(a, b, c|x, y, z) = rAB|C∑
λ
qΛ(λ)PA,B|X,Y,λ(a, b|x, y)PC|Z,λ(c|z)
+ rAC|B∑
γ
qΓ(γ)PA,C|X,Y,Z,Γ(a, c|x, y, z,γ)PB|Y,Γ(b|y,γ)
+ rBC|A∑
υ
qΥ(υ)PB,C|Y,Z,Υ(b, c|y, z, υ)PA|X,Υ(a|x, υ) (59)
with rAB|C, rAC|B, rBC|A ≥ 0, rAB|C + rAC|B + rBC|A = 1 and ∑λ qΛ(λ) = ∑γ qΓ(γ) = ∑υ qΥ(υ) = 1, where the terms
obey the relativistic causality constraints Eq.(15), i.e., each of the marginals PA|X , PB|Y and PC|Z is well-defined independently
of the other parties’ inputs while the two-party term PA,C|X,Y,Z,Γ exhibits explicit dependence on Y. Then the correlations
PA,B,C|X,Y,Z(a, b, c|x, y, z) are said to be relativistically causal bi-local (RCBL). Otherwise, we say that they are genuinely
tripartite relativistically causal non-local.
In the final statements of this section, we will show RCBL correlations that violate the Svetlichny inequality and
are hence outside BL (RCBL * BL) and also we exhibit bilocal BL correlations that are outside the RCBL set (BL *
RCBL) showing that these two sets are incomparable and give rise to two distinct notions of genuine tripartite non-
locality.
Lemma 20. We have
NSBL ⊆ RCBL * BL. (60)
Proof. Evidently, NSBL ⊆ RCBL since the relativistic causality constraints Eq.(15) are a subset of the usual no-
signaling constraints (9). To see that RCBL * BL, we exhibit a box PA,B,C|X,Y,Z ∈ RCBL that violates the Svetlichny
inequality (57). This box is simply (and non-uniquely) given by the correlators
〈A1C1〉y=1 = 〈A1C2〉y=1 = 〈A2C1〉y=1 = −〈A2C2〉y=1 = 1
〈A1C1〉y=2 = −〈A1C2〉y=2 = −〈A2C1〉y=2 = −〈A2C2〉y=1 = 1
〈B1〉 = 〈B2〉 = 1. (61)
As an explicit example, we consider the box
PA,B,C|X,Y,Z(1, 1, 1|x, y, z) = PA,B,C|X,Y,Z(2, 1, 2|x, y, z) =
1
2
(x, y, z) ∈ {(1, 1, 1), (1, 1, 2), (1, 2, 1), (2, 1, 1)}
PA,B,C|X,Y,Z(1, 1, 2|x, y, z) = PA,B,C|X,Y,Z(2, 1, 1|x, y, z) =
1
2
(x, y, z) ∈ {(1, 2, 2), (2, 1, 2), (2, 2, 1), (2, 2, 2)} (62)
This achieves the algebraic value of 8 for the Svetlichny Bell expression (57), maximally violating the inequality.
Evidently, any inequality based only on the three-body correlators 〈AxByCz〉 cannot be used to separate RCBL from
genuine tripartite causal non-local boxes. uunionsq
As such, an interesting question is to find a separating hyperplane to separate the set of RCBL from the set Q of
quantum correlations. While a detailed investigation of this is carried out in future work [81], here we introduce an
inequality that accomplishes this in the tripartite scenario. Let us first write the probablilities PA,B,C|X,Y,Z in terms
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of the correlation functions. The difference here is that the correlations 〈AxCz〉y exhibit a dependence on Bob’s
measurement input Y = y. We thus have
PA,B,C|X,Y,Z(a, b, c|x, y, z) =
1
8
[1+ (−1)a〈Ax〉+ (−1)b〈By〉+ (−1)c〈Cz〉+ (−1)a+b〈AxBy〉+
(−1)b+c〈ByCz〉+ (−1)a+c〈AxCz〉y + (−1)a+b+c〈AxByCz〉], (63)
with the correlator 〈AxCz〉y exhibiting explicit dependence on y in contrast to Eq.(56).
Lemma 21. Consider the three-party Bell scenario, with each party performing one of two dichotomic measurements. In mea-
surement configurations such as Fig.5, the following inequality holds for all relativistically causal bi-local boxes PA,B,C|X,Y,Z ∈
RCBL.
IRCBL := 2〈A1B1〉+ 〈A1C1〉y=1 + 〈A1C1〉y=2 + 2〈B1C2〉 − 2〈A2B2C1〉+ 2〈A2B2C2〉 ≤ 6. (64)
Suitably chosen measurements on the GHZ state |GHZ〉 = 1√
2
(|000〉+ |111〉) attain a value 2(1+ 2√2) ≈ 7.657 violating
the inequality, showing that quantum correlations are genuinely tripartite relativistically causal non-local. Furthermore, these
quantum correlations belong to the set BL, hence BL * RCBL.
Proof. One can directly check that the inequality (64) is valid for all relativistically causal bilocal (RCBL) correlations
by linear programming (recall that the set RCBL is a convex polytope). The measurements on |GHZ〉 are given by
A1 = σz, A2 = σx,
B1 = σz, B2 = σx,
C1 =
1√
2
(σz − σx) , C2 = 1√
2
(σz + σx) . (65)
These measurements on the GHZ state give the value IqRCBL ≥ 2(1 + 2
√
2) violating the inequality showing that
quantum correlations are genuinely tripartite relativistically causal nonlocal. Interestingly, these measurements on
the GHZ state do not lead to a violation of Svetlichny’s original inequality (57), and one can in fact find an explicit
decomposition of the resulting box in the form (55), showing that BL * RCBL.
uunionsq
XIII. DISCUSSION.
A central point of departure in deriving the relativistic causality constraints as opposed to the usual no-signaling
constraints is that in the former, we also account for influences that propagate faster than light as long as they
do not lead to causal loops. We discuss in this section why this is not any cause for alarm. Firstly, remark that
resonance-induced superluminal group velocities (with values up to 300 times c) have been known for a while [74],
these group velocities do not create any problem of principle, since the signal velocity still has c as an upper bound
(as in this paper). The group velocity of a wave may exceed the speed of light and can even become negative,
but in such cases, no energy or information actually travels faster than c. Experiments showing group velocities
greater than c include that of Wang et al. [17], who produced a laser pulse in atomic cesium gas with a group
velocity index of ng = −310(±5). The observed superluminal propagation of the wave is not at odds with causality,
and is instead a consequence of classical interference between its constituent frequency components in a region of
anomalous dispersion [17].
Secondly, as mentioned before, the justification that special relativity does not necessarily exclude faster-than-
light propagation has also been known for a while [33, 77]. A main objection to the existence of these particles was
that they would lead to violations of causality and as such must be unphysical [38], which as we have seen can be
overcome by the considerations of this paper.
Thirdly, recall that the notion of point-to-region signaling considered in this paper is formulated as the nonlocal
influence of a field rather than of a superluminal particle. Evidence in favor of a superluminal field emerges from
the fact that spin-zero FTL particles (satisfying the Klein-Gordon equation) cannot be localized as pointlike particles,
contrary to all other known fundamental constituents of matter [39]. A brief overview of the argument is as follows,
for details see [39, 73]. Consider the wavefunction ψ(x, t) of a free tachyon of spin zero obeying the Klein-Gordon
equation in 1+ 1 dimensions (
∂2
∂t2
− ∂
2
∂x2
+ m20
)
ψ(x, t) = 0, (66)
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with solutions that are superpositions of
ψ(x, t) = e−i(Et−px), (67)
with the energy-momentum relation E2 − p2 = m20. For the particle moving with velocity v > c, we have that m0 is
imaginary and m20 is negative, so that we can consider the solutions with |p| > |E| as well as those with |p| < |E|. If
the initial conditions for the wave equation, ψ(x, t) and ∂ψ(x,t)∂t at time t = 0 are zero outside some interval [−X, X],
then they remain outside the interval [−X − t, X + t] for any t > 0 by the standard property of the wave equation.
In other words, the support of the evolved field configuration lies inside the light-cone of the initial data. So that
localized (particle-like) point-to-point influences do not move faster than the speed of light in vacuum, as considered
in this paper. On the other hand, if we ignore the solution with |p| < |E| (which has energy E imaginary), then it
becomes impossible to solve the equation for initial conditions that are zero outside some interval [−X, X] [39] so
that we do not have a localized influence but only a delocalized one which is then allowed to be superluminal,
consistent with the considerations of this paper.
Finally, note that in Algebraic Quantum Field Theory, as mentioned earlier, to every bounded open subset O of
spacetime, one can associate observables U (O) and observables in spacelike separated regions O,O′ are required
to commute, i.e., for all A ∈ U (O) and B ∈ U (O′) we have [A, B] = 0 thus ensuring that the causal constraints
are satisfied. In linear field theories, there is a complete duality between particles and fields, via the well-known
Fock space construction. However as Haag pointed out [35], the one-to-one correspondence between particles and
fields holds only in the asymptotic sense, i.e, as time goes to ±∞ (in the Heisenberg picture), the limit fields obey the
free field equation and canonical commutation relations so as to describe free particles; so that it may well be that a
quantum field theory does not describe any localized particles at all [35].
XIV. CONCLUSIONS.
In this paper, we have examined the no-signaling constraints from the point of view of causality and proposed
a modification to these constraints to a subset that ensures preservation of causality depending on the spacetime
configuration of measurement events. As a consequence, we find that boxes in the post-quantum scenario, where one
only restricts to the constraints imposed by relativistic causality, should be labeled by the space-time locations of the
parties performing the measurement. The correlations that the parties observe can then exhibit various dependencies
while still being consistent with relativistic causality.
Several questions are open. One important question is to formulate protocols (under suitable assumptions) for
cryptographic tasks such as randomness amplification, expansion and key distribution against an adversary only
limited by the laws of relativity (from creating closed causal loops). To do this, an intermediate task is to investigate
the existence of multi-party Bell inequalities which allow for certification of randomness against such a relativis-
tically causal adversary. A geometric question is to characterize the subset of multi-party relativistically causal
constraints and the space-time regions where they are necessary and sufficient. The notion of genuine multi-party
nonlocality as evidenced by the violation of a relativistically causal bilocal (RCBL) inequality calls for further investi-
gation [81], in particular in light of studies such as [22]. A pressing open question is to investigate whether years after
special relativity was formulated, such superluminal influences can be tested experimentally, and what new effects
they could lead to. Both non-relativistic quantum theory and relativistic quantum field theory [67] are well-known
to obey a no superluminal signaling condition, proposals to modify quantum theory by introducing non-linearities
have been shown to lead to signaling [40–42]. An important open question is to investigate feasible mechanisms for
the point-to-region superluminal influences within the paradigm of non-linear modifications to quantum theory.
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Supplemental Material. Here, we present the formal proofs of the propositions stated in the main text.
Proposition 5. Consider measurement events A, B with corresponding space coordinates rA, rB in a chosen inertial reference
frame I . Then a measurement event E can superluminally influence the correlations between A and B at speed u > c without
violating causality in I if and only if its space coordinate rE satisfies
rE ∈ Seg(©(AB; ϕα)) (68)
for any circle © with AB as a chord and having angle ϕα as the angle in the corresponding minor segment, where ϕα =
pi − 2 arcsin(α) and α = c/u, and if its time coordinate tE satisfies
tE ≤ min
[
tA − |rA − rE|u , tB −
|rB − rE|
u
]
. (69)
Proof. We observe that in order for Eve to signal to a space-time point S via her influence of the correlations at A and
B the following constraints must hold. The sum of the time taken for an influence (at speed u > c) to move from E
to A and the time taken for a signal (at speed c) to move from A to S must be less than the time taken for a signal
at speed c to travel from E to S directly. To elaborate, E may superluminally influence the measurement at A which
subsequently signals to the event S or alternatively, E may signal to S (signaling being by definition at speed c). A
similar condition must also hold for the influence traveling via point B.
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Figure 9: Illustration of the constraint on the spacetime locations of the measurement events from Lemma 23. E superluminally
influences the correlations between A and B while ensuring that the marginal distributions are unaffected. In order to ensure
that E does not send a superluminal signal to a spacetime location S via the influence of the correlations between AB, we impose
the constraints τ
E
u−→A + τA c−→S < τE c−→S and τE u−→B + τB c−→S < τE c−→S. Lemma 23 shows that for fixed locations rA and rB, no
superluminal signaling takes place iff the cones shown in the figure C(E; T(A, B(E; α|EA|))) and C(E; T(B, B(E; α|EB|))) either
share a common tangent plane or intersect only at E.
Let us examine the first constraint captured by the following equation
τ
E
u−→A + τA c−→S < τE c−→S (70)
and derive a geometric criterion for when it can hold.
Lemma 22. Given measurement events E, S and A with corresponding space-time co-ordinates XE, XS and XA in a chosen
inertial reference frame I and an influence propagating from E to A at speed u > c, E superluminally signals to S via A if and
only if the space coordinates satisfy
B(E; α|EA|) ∩ B(S; |AS|) = ∅. (71)
where B(K; r) denotes a sphere with center at K and radius r, |EA| = |rA − rE|, |AS| = |rS − rA| and α = cu < 1.
Proof. We have that E influences the measurement event A at speed u > c. There are thus two ways for E to signal
to S,
1. E u−→ A c−→ S
2. E c−→ S.
Our task is to show that for any S with space coordinate rS, the first signal does not reach S before the second.
Consider a ball B(E; α|EA|) of radius α|EA| with centre E, where |EA| := |rE − rA| corresponds to the distance
between E and A in the reference frame I. We also consider the ball B(S; |AS|) with centre S and radius |AS| :=
|rS − rA|.
The constraint we impose is
τ
E
u−→A + τA c−→S < τE c−→S (72)
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This is equivalent to
(tA − tE) + |AS|c <
|ES|
c
. (73)
Now recall that (tA − tE) = |EA|u so that the above condition may be rewritten as
α|EA|+ |AS| < |ES|. (74)
This in turn is equivalent to the criterion that the spheres B(E; α|EA|) and B(S; |SA|) do not intersect,
B(E; α|EA|) ∩ B(S; |SA|) = ∅. (75)
In other words, E is able to superluminally signal to a point S via the superluminal influence on A if and only if the
two spheres so constructed do not intersect. uunionsq
We now proceed to analyze the question whether E is able to superluminally signal to any point S via her super-
luminal influence of the correlations A− B and a subsequent signal (at speed c) propagating from both A and B to
S. Let rA and rB be the fixed laboratory locations. We propose a geometric condition identifying for given rA, rB the
positions rE for which no S exists such that E superluminally signals to S via the above mentioned route.
Let T(M, B(K; r)) denote the tangent cone to the sphere B(K; r) emanating from point M. For a given tangent
cone to a sphere B(K; r), let C(K; T(M, B(K; r))) denote the cone with apex point K and passing through the points
of intersection of the sphere and its tangent cone, i.e., through B(K; r) ∩ T(M, B(K; r)).
Lemma 23. For fixed rA and rB, there does not exist any S such that E superluminally signals to S via A and B if and only if
the cones C(E; T(A,B(E; α|EA|))) and C(E; T(B,B(E; α|EB|))) either share a common tangent plane or intersect only at
E.
Proof. From Lemma 22, for a fixed inertial reference frame, we know that for any rE, rA, E is able to superluminally
signal to any point S with corresponding space coordinate rS via E’s superluminal influence of the event A if and
only if B(E; α|EA|) ∩ B(S; |SA|) = ∅.
In order for E to superluminally signal to S via her influence of the correlations between A and B, a signal (at speed
c) must reach S from both A and B before the signal from E at speed c reaches S. Now, in order for the condition in
Eq. (71) to hold for the signal from A, we show that S must obey
S ∈ int [C(E; T(A, B(E; α|EA|)))] . (76)
Points in space that are outside this cone do not perceive any superluminal signal from E in that for these points
τ
E
c−→S ≤ τE u−→A + τA c−→S. On the other hand, we have the following.
Claim 1. On every ray from the apex E through the interior of the cone, one can find a point P such that
τ
E
u−→A + τA c−→P ≤ τE c−→P. (77)
Proof. Consider a far enough point P on the ray emanating from E and passing through the interior of the cone such
that the sphere B(P; |PA|) does not intersect B(E; α|EA|). Let F denote the point at which the ray intersects the sphere
B(P; |PA|). By construction, we have ]PFA < pi2 so that such a sphere can always be drawn and we see that F does
not lie on B(E; α|EA|). uunionsq
Similarly, for the signal from B to reach S before the one from E, we must have
S ∈ int [C(E; T(B, B(E; α|EB|)))] . (78)
Therefore, in order to exclude every point in space from a superluminal influence from E, one must ensure that either
C(E; T(A, B(E; α|EA|))) ∩ C(E; T(B, B(E; α|EB|))) = E or that the two cones only intersect at a common tangent
plane. In this case, no point S different from E exists such that E superluminally signals to S via her influence of A
and B.
Alternatively, if the intersection C(E; T(A, B(E; α|EA|)))∩C(E; T(B, B(E; α|EB|))) is a three-dimensional region,
then by Claim 1 one can explicitly find an S in this region obeying both Eqs. (76) and (78), so that superluminal
signaling to such an S occurs. uunionsq
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Figure 10: The spacetime region, for fixed rA, rB from which E is able to superluminally influence the correlations AB without
changing the marginals while preserving causality. The figure illustrates the algebraic condition found in Prop. 5.
The constraint in Lemma.(23) is illustrated in Fig 9. Having Lemma 23 we can proceed to identify for given rA, rB
the region of allowable rE such that no causality condition is violated (in the chosen reference frame). Given the
points A, B let ©(AB; θ) denote a circle containing AB as a chord and θ as the angle in the minor segment of the
circle. Note that there are an infinite number of such circles, one for each plane containing the line segment AB. Let
us also denote by Seg(©(AB; θ)) the corresponding minor segment of the circle. We now show that the possible
space coordinates rE lie within the shaded region (in green) in Fig. 10.
We have seen in Lemma 23 that in order for E to influence the correlations between A and B at speed u without
violating causality, we must have that the cones C(E; T(A, B(E; α|EA|))) and C(E; T(B, B(E; α|EB|))) at most share
a common tangent plane, in particular that the intersection of their interiors is empty.
Let us first consider the case that C(E; T(A, B(E; α|EA|))) and C(E; T(B, B(E; α|EB|))) share a common tan-
gent plane passing through the points A1, B1 where A1 is a point of intersection of the sphere B(E; α|EA|) and
its tangent plane from A, T(A, B(E; α|EA|)) and similarly B1 is a point of intersection of the sphere B(E; α|EB|)
and T(B, B(E; α|EB|)), such that E, A1, B1 lie on one line. By the property of the tangent we have that ]EA1 A =
]EB1B = pi2 . Also by definition we have that
|EA1|
|AE| =
|EB1|
|BE| = α = c/u so that ]EAA1 = ]EBB1 = arcsin (α).
Consequently, we obtain that any point E for which the cones C(E; T(A, B(E; α|EA|))) and C(E; T(B, B(E; α|EB|)))
share a common tangent plane has space coordinate in the chosen inertial reference frame satisfying
]AEB = pi − 2 arcsin(α) = ϕα. (79)
By the fact that angles on the same segment of a circle are equal, we have that all such points lie on a minor segment
of a circle (the segment is minor since pi− 2 arcsin(α) ≥ pi2 for α < 1) having AB as a chord and with ϕα as the corre-
sponding angle in the segment. This shows the statement for points on the boundary of the region Seg(©(AB; ϕα)).
For all such points the cones C(E; T(A, B(E; α|EA|))) and C(E; T(B, B(E; α|EB|))) share a common tangent plane.
Now consider the points that lie within this region. For any such point, we have that ]AEB > pi − 2 arcsin(α).
By construction we know that ]EAA1 = ]EBB1 = arcsin (α) so that by the perpendicularity of the tangent with the
radius of the sphere, we have ]AEA1 = ]BEB1 = pi/2− arcsin(α). Therefore, for points that lie within the region,
the cones C(E; T(A, B(E; α|EA|))) and C(E; T(B, B(E; α|EB|))) intersect only at E, this is the case illustrated in Fig.
9.
For points outside this region we readily see that C(E; T(A, B(E; α|EA|))) and C(E; T(B, B(E; α|EB|))) neither
intersect only at E nor share only a common tangent plane. We see by Lemma 23 that such points violate causality
and therefore cannot be the space coordinates of E in the chosen reference frame. uunionsq
Proposition 12. Consider the n-party GHZ-Mermin Bell inequality, for odd n ≥ 3. For any input x∗ appearing in the
inequality, i.e., x∗ ∈ X nMerm, there exists a box PA|X violating the Mermin inequality maximally and obeying the relativistic
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causality constraints in Eq.(24), such that no randomness can be extracted from the outputs a of the box under input x∗. In
other words, we have
PA|X(a∗|x∗) = 1, (80)
for some fixed output bit string a∗.
Proof. The proof is by explicit construction of the n-party box P satisfying the relativistic causality constraints Eq.(24)
and violating the Mermin inequality maximally that returns a deterministic output for the fixed input x∗ ∈ X nMerm.
Let us first list the set of constraints that P must obey. Split the set of inputs X nMerm appearing in the Mermin
inequality into two subsets
X n,−1Merm := {x|∑
i
xi = n− 2k, k ∈ Z, k odd}
X n,1Merm := {x|∑
i
xi = n− 2k, k ∈ Z, k even}. (81)
Then for the inputs x in the set X n,−1Merm, the box P is required to give outputs such that the value of the n-party
correlation function is −1, i.e.,
〈x1 . . . xn〉 = PA|X(⊕ni=1ai = 0|x1, . . . , xn)− PA|X(⊕ni=1ai = 1|x1, . . . , xn) = −1, ∀x ∈ X n,−1Merm. (82)
Similarly for the inputs x ∈ X n,1Merm, the outputs from the box are required to yield a value of 1 for the n-party
correlation function, i.e.,
〈x1 . . . xn〉 = PA|X(⊕ni=1ai = 0|x1, . . . , xn)− PA|X(⊕ni=1ai = 1|x1, . . . , xn) = 1, ∀x ∈ X n,1Merm. (83)
For the given fixed input x∗ ∈ X nMerm, the box P is required to return a deterministic input a∗, this is the constraint
from Eq.(80). The box P is also required to obey all of the relativistic causality constraints from Eq.(24). Finally, as
usual we have the non-negativity and normalization constraints for the probability distributions, i.e.,
PA|X(a|x) ≥ 0 ∀a, x
∑
a
PA|X(a|x) = 1 ∀x. (84)
We will show a binary-tree algorithmic construction of PA|X obeying all the constraints Eqs.(24, 80, 82, 83, 84) for
given x∗ ∈ X n,1Merm. The construction for x ∈ X n,−1Merm will follow along analogous lines.
The proof that the binary tree algorithm yields a box with the desired properties is done by induction. First
consider the base steps. We are given x∗ ∈ X n,1Merm, and a fixed output bit string of even parity a∗ (the all-0 string).
The algorithm sets PA|X(a∗|x∗) = 1 and PA|X(a|x∗) = 0 for a 6= a∗. This assignment clearly satisfies both Eqs.
(80) and the Mermin constraint 〈x∗1 . . . x∗n〉P = 1. In particular, since the output distribution is deterministic for the
chosen input x∗, no hash function chosen by the parties can extract any randomness from the outputs for this input.
The next base step in the construction of boxPA|X is to define the conditional probability distribution of the outputs
for the set of inputs x that are at Hamming distance 1 from x∗, i.e., the inputs obtained from x∗ by a bit flip at position
i. Explicitly, we consider the set of inputs x ∈ XHam(x∗ ,x)=1 where XHam(x∗ ,x)=1 := {xi|xi = x∗ ⊕ 1i}, 1i denotes
the all-0 bit string with a single bit value 1 at position i, and ⊕ denotes the bit-wise XOR of the two bit strings. For
xi ∈ XHam(x∗ ,x)=1, the algorithm setsP(A|Xa∗|xi) = PA|X(a∗⊕ 1i|xi) = 12 , andPA|X(a|xi) = 0 otherwise. Observe that
inputs from XHam(x∗ ,x)=1 have even parity and do not enter the Mermin inequality, i.e., XHam(x∗ ,x)=1 ∩ X nMerm = ∅.
From the above assignment, we have 〈xi1 . . . xin〉P∗A|X = 0 for xi ∈ XHam(x∗ ,x)=1. Furthermore, the assignment satisfies
the relativistically causal constraints for the contiguous subsets to the left (< i := Sn1,i−1) and right (> i := S
n
i+1,n) of
bit i, i.e.,
PA|X(a∗<i|x∗<i) = ∑
a’>i
PA|X(a’|xi) = ∑
a”>i
PA|X(a”|x∗) = 1, ∀a’, a” with a’<i = a”<i = a∗<i
PA|X(a∗>i|x∗>i) = ∑
a’<i
PA|X(a’|xi) = ∑
a”<i
PA|X(a”|x∗) = 1, ∀a’, a” with a’>i = a”>i = a∗>i.
(90)
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Algorithm 1 Construction of box PA|X
1: procedure CONSTRUCTION OF PA|X
2: Let x∗ ∈ X n,1Merm be given. Initiate as step 0, al(x∗) = ar(x∗) = a∗ (the all-0 bit string).
3: At the (2j + 1)-th step, 0 ≤ j ≤ n−12 , ∀ 1 ≤ i1 ≤ · · · ≤ i2j+1 ≤ n, if x∗i2j+1 = 0 define
al(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j+1 ) := al(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j )
ar(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j+1 ) := ar(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j )⊕ 1ij .
(85)
If on the other hand, x∗i2j+1 = 1 define
al(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j+1 ) := al(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j )⊕ 1i2j+1
ar(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j+1 ) := ar(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j ).
(86)
4: At the 2j-th step 1 ≤ j ≤ n−12 , ∀ 1 ≤ i1 ≤ · · · ≤ i2j ≤ n, if x∗i2j = 0 define
al(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j ) := al(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j−1 )⊕ 1i2j
ar(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j ) := ar(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j−1 ).
(87)
If on the other hand, x∗i2j = 1 define
al(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j ) := al(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j−1 )
ar(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j ) := ar(x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2j−1 )⊕ 1i2j .
(88)
5: ∀x, set
PA|X(al(x)|x) = PA|X(ar(x)|x) =
1
2
,
PA|X(a|x) = 0, otherwise. (89)
6: end procedure
Having shown the base steps, we now prove by induction that the above algorithmic construction works as ad-
vertised, i.e., that the box P it produces satisfies all the constraints in Eqs.(24, 80, 82, 83, 84). Clearly, Eq.(80) and the
normalization constraints (84) are satisfied by construction. So it remains to show that the box satisfies the relativistic
causality constraints (24) and the Mermin inequality constraints (82) and (83).
Let us firstly consider the Mermin inequality constraints (82) and (83). These constraints appear at the 2j-th (even)
steps with 1 ≤ j ≤ n−12 of the Algorithm. Assume as the inductive hypothesis that the Mermin constraints are
satisfied at the 2(k− 1)-th step, i.e., that for all 1 ≤ i1 ≤ · · · ≤ i2k−2 ≤ n, we have
〈x∗ ⊕ 1i1 ⊕ . . . 1i2k−2〉 = 1 ∀x∗ ⊕ 1i1 ⊕ . . . 1i2k−2 ∈ X n,1Merm
〈x∗ ⊕ 1i1 ⊕ . . . 1i2k−2〉 = −1 ∀x∗ ⊕ 1i1 ⊕ . . . 1i2k−2 ∈ X n,−1Merm
(91)
Now, consider the scenario when x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2k ∈ X n,1Merm. We have two cases: either
1. x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2k−2 ∈ X n,1Merm and (x∗i2k−1 , x∗i2k ) ∈ {(0, 1), (1, 0)} or
2. x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2k−2 ∈ X n,−1Merm and (x∗i2k−1 , x∗i2k ) ∈ {(0, 0), (1, 1)}.
In the case (1), we have by the inductive hypothesis Eq.(91) that 〈x∗ ⊕ 1i1 ⊕ . . . 1i2k−2〉 = 1, i.e, both al(x∗ ⊕ 1i1 ⊕
. . . 1i2k−2) and ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2) have even parity. Then when (x∗i2k−1 , x∗i2k ) = (0, 1) we get by first applying
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Eq.(85) and then Eq.(88) that
al(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2),
ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k−1 ⊕ 12k,
(92)
so that both outputs al/r(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) have even parity and we obtain 〈x∗ ⊕ 1i1 ⊕ . . . 1i2k 〉 = 1 as required.
Similarly when (x∗i2k−1 , x
∗
i2k
) = (1, 0) we get by first applying Eq.(86) and then Eq.(87) that
al(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k−1 ⊕ 12k,
ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2),
(93)
so that again both outputs have even parity.
In the case (2), we have by the inductive hypothesis Eq.(91) that 〈x∗ ⊕ 1i1 ⊕ . . . 1i2k−2〉 = −1, i.e, both al(x∗ ⊕ 1i1 ⊕
. . . 1i2k−2) and ar(x∗⊕ 1i1 ⊕ . . . 1i2k−2) have odd parity. Then when (x∗i2k−1 , x∗i2k ) = (0, 0) we get by first applying Eq.(85)
and then Eq.(87) that
al(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k,
ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k−1,
(94)
so that a bit flip occurs on both outputs al/r(x∗⊕ 1i1 ⊕ . . . 1i2k ) which now have even parity and we obtain 〈x∗⊕ 1i1 ⊕
. . . 1i2k 〉 = 1 as required. Finally, when (x∗i2k−1 , x∗i2k ) = (1, 1) we get by first applying Eq.(86) and then Eq.(88) that
al(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k−1,
ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k,
(95)
so that again the outputs have even parity as required.
Now, consider the scenario when x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2k ∈ X n,−1Merm. We again have two cases: either
1. x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2k−2 ∈ X n,1Merm and (x∗i2k−1 , x∗i2k ) ∈ {(0, 0), (1, 1)} or
2. x∗ ⊕ 1i1 ⊕ · · · ⊕ 1i2k−2 ∈ X n,−1Merm and (x∗i2k−1 , x∗i2k ) ∈ {(0, 1), (1, 0)}.
As in the previous scenario, an exhaustive check of the output parities in the case (1) and (2) shows that the Mer-
min constraints are satisfied. For clarity, we explicitly provide these here. In the case (1), we have by the induc-
tive hypothesis Eq.(91) that both al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2) and ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2) have even parity. Then when
(x∗i2k−1 , x
∗
i2k
) = (0, 0), applying first Eq.(85) and then (87) we get that
al(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k,
ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k−1,
(96)
so that now both the outputs al/r(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) have odd parity. Analogous results are obtained when
(x∗i2k−1 , x
∗
i2k
) = (1, 1), i.e., applying first Eq.(86) and then (88) we get that
al(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k−1,
ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k,
(97)
so that the resulting outputs have again odd parity.
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In the case (2), we have by the inductive hypothesis Eq.(91) that both al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2) and ar(x∗ ⊕ 1i1 ⊕
. . . 1i2k−2) have odd parity. Then when (x∗i2k−1 , x
∗
i2k
) = (0, 1), applying first Eq.(85) and then (88) we get that
al(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2),
ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k−1 ⊕ 12k,
(98)
so that the resulting outputs have again odd parity. Similarly, when (x∗i2k−1 , x
∗
i2k
) = (1, 0), applying first Eq.(86) and
then (87) we get that
al(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = al(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2)⊕ 12k−1 ⊕ 12k,
ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k ) = ar(x∗ ⊕ 1i1 ⊕ . . . 1i2k−2),
(99)
so that the resulting outputs have again odd parity. Having exhaustively checked all the cases, we conclude by the
inductive hypothesis that the Mermin constraints (82) and (83) are satisfied at all the even steps of the Algorithm. It
remains to show that the box P satisfies the relativistic causality constraints (24).
The relativistic causality constraints (24) effectively say that the output probability distribution for any contiguous
set of parties is independent of the complementary set of parties’ inputs.
∑
a’(Snm,k)
c
PA|X(a’|x’) = ∑
a”(Snm,k)
c
PA|X(a”|x”) (100)
The structure of the algorithm is such that from step m to step m + 1 (m here is arbitrary), in going from input
x∗ ⊕ 1i1 ⊕ · · · ⊕ 1im to input x∗ ⊕ 1i1 ⊕ · · · ⊕ 1im+1 , a bit flip is applied to either al or ar at position m + 1 and depends
only on x∗im+1 . This implies that the probability distribution of the outputs to the left and right of position m + 1
are unaffected, i.e., the probability distribution for the parties in the set Sn1,m and those in the set S
n
m+2,n remain
fixed under this operation (recall that Snm,k = {m, m + 1, . . . , m + k− 1}). This ensures that the relativistic causality
constraints are satisfied, since for any two input strings x′ and x′′ that share a common contiguous bit sequence
x′Snm,k = x
′′
Snm,k
, both ∑a’(Snm,k)c
PA|X(a’|x’) and ∑a”(Snm,k)c PA|X(a”|x”) only depend explicitly on the sequence of bits x
∗
i for
i ∈ Sm,k. We have thus shown the box P that satisfies the Mermin constraints and the relativistic causality constraints
in addition to returning a deterministic output a∗ for input x∗. uunionsq
Proposition 18. Consider a three-party Bell scenario, with Alice, Bob and Charlie each performing two measurements
x, y, z ∈ {0, 1} of two outcomes a, b, c ∈ {0, 1} respectively. Suppose that in some inertial reference frame, the three space-like
separated parties are arranged in 1-D, with rA < rB < rC and perform their measurements simultaneously, i.e., tA = tB = tC.
Then, there exists a three-party relativistically causal box P(a, b, c|x, y, z) such that
〈CHSH〉AB + 〈CHSH〉BC = 8. (101)
Proof. The relativistic causality constraints in this three-party scenario for the specific measurement configuration
are given explicitly from Proposition 3 as
∑
a=0,1
PA,B,C|X,Y,Z(a, b, c|x, y, z) = ∑
a=0,1
PA,B,C|X,Y,Z(a, b, c|x′, y, z) ∀x, x′, y, z, b, c
∑
c=0,1
PA,B,C|X,Y,Z(a, b, c|x, y, z) = ∑
c=0,1
PA,B,C|X,Y,Z(a, b, c|x, y, z′) ∀z, z′, x, y, a, b
∑
b,c=0,1
PA,B,C|X,Y,Z(a, b, c|x, y, z) = ∑
b,c=0,1
PA,B,C|X,Y,Z(a, b, c|x, y′, z′) ∀y, y′, z, z′, x, a
∑
a,b=0,1
PA,B,C|X,Y,Z(a, b, c|x, y, z) = ∑
a,b=0,1
PA,B,C|X,Y,Z(a, b, c|x′, y′, z) ∀x, x′, y, y′, z, c.
(102)
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PA,B,C|X,Y,Z(0, 0, 1|0, 1, 1) = PA,B,C|X,Y,Z(1, 1, 0|0, 1, 1) =
1
2
PA,B,C|X,Y,Z(0, 1, 1|1, 1, 0) = PA,B,C|X,Y,Z(1, 0, 0|1, 1, 0) =
1
2
PA,B,C|X,Y,Z(0, 1, 0|1, 1, 1) = PA,B,C|X,Y,Z(1, 0, 1|1, 1, 1) =
1
2
PA,B,C|X,Y,Z(0, 0, 0|x, y, z) = PA,B,C|X,Y,Z(1, 1, 1|x, y, z) =
1
2
else (103)
It can be readily verified that the boxP as defined above satisfies all the relativistic causality constraints in Eq.(102).
Furthermore, we also see that when Alice-Bob or Bob-Charlie measure input (11), they get anti-correlated out-
puts, while for other inputs, they get correlated outcomes. This gives that the values of the CHSH Bell expressions
〈CHSH〉AB and 〈CHSH〉AC are both maximal (equal to the algebraic value of 4). In other words, the phenomenon
of monogamy for the CHSH violating correlations does not hold under the relativistic causality conditions in certain
measurement configurations. uunionsq
